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THE FACTORIZATION OF ABELIAN GROUPS 
By A. D. SANDS (Ibadan) 
[Received 12 December 1957] 


1. Introduction 

Tue problem of the factorization of finite abelian groups has been 
considered by several authors. In (1) de Bruijn gives a list of these 
groups for which Hajés’s problem has not been solved. In (4) the results 
on the cyclic groups given there were presented. In this paper the 
results for the non-cyclic groups whose expression as a direct product, 
as given by de Bruijn, does not involve an arbitrary prime are given. The 
notations, definitions, and preliminary restatements of the problem of 
(4) are used throughout the paper. 

In § 2 a theorem on bad groups, similar to the theorems of de Bruijn 
in (1), is proved and this theorem is used to show that the groups of 
type {p’,2,2} and {24,2,2} are bad if A>4. In §3 the remaining 
groups listed by de Bruijn of the types given above are shown to be 
good. In § 4, I deal with extensions of results to certain infinite abelian 
groups. The groups considered are those of type {p*} and direct 
products of them with finite abelian groups. It is shown that where an 
arbitrary integer A occurred in previous work it can be replaced by 00. 
But the restriction is made throughout that the number of elements in 
one of the factors is finite. 


2. Bad groups 

In (1) de Bruijn proves a set of theorems which give conditions for 
a group to be bad. In this section I prove formally the fundamental 
result used by de Bruijn and then give one new theorem similar to the 
theorems of de Bruijn. This theorem enables us to show that the groups 
of type {p’, 2, 2} are bad, where p is a prime and A > 4. 

THEOREM |. If a group G possesses a proper subgroup H and H admits 
of factorizations H = AB = AC, where A is not periodic and B and C 
have no period in common, then G is bad. 


Proof. Let k,, k,..., k, be a set of coset representatives for G by H. 
Let D = Bky+Cky+Chy+...+Ckye 


Quart. J. Math. Oxford (2), 10 (1959), 81-91, 
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Then 


AD = ABk,+ACk,+...+ACk, = Hk,+Hk,+...+Hk, = @. 


Now A is not periodic. Let g be a period of D. Then g = hk;, where 
hisin H. Consider hk; Bk,. Now k,k, = h,k, for some element A, in H. 
Therefore, if 6 is in B and so in H, 


hk, bk, = hy k; 


for some element h, in H. Therefore hk; Bk, cHk;. But hk; D = D. 
It follows that 
hk, Bk, < Bk,+Ck,+...+Ck,,. 


Thus, if 7 = 1, hk, Bk, = Bk, and, if j > 1, hk; Bk, = Ck. 

In the second case it follows that C = hk,;k,k;'B and thus that any 
period of B is a period of C. Since B and C have no period in common, 
it follows that B and C must be non-periodic. Therefore H is bad and 
so, by Theorem 4 of (1) [263], @ is also bad. In the first case 
hk, Bk, = Bk,. Therefore hk; B = B. It follows that hk; is in H. 
Therefore hk,;Ck,< Hk,. But 

hk; Ck, < Bk, + Ck,+...+Ck,,. 

Therefore hk; Ck, = Ck,, and so hk;C = C. It follows that Ak; is a 
period of both B and C. Since B and C have no common period, it 


follows that D is not periodic. Thus AD = G is a factorization of G 
with both factors non-periodic. Therefore G is bad. 


THEOREM 2. If a group G possesses a proper subgroup K and K a 
proper subgroup H which is the direct product of a subgroup L of composite 
order and a subgroup of type {2,2}, then G is bad. 


Proof. It may be assumed that ZL is not of type {2,2}, since in (1) 


[262] de Bruijn has already dealt with this case. Then, by Lemma | of 
(1) [259], LZ contains a proper subgroup M, of order greater than 1, 
with a set of coset representatives /,, l,,..., |, of IL by M which is not 
periodic. We assume that /, isin M. Let k,, ky,..., k, be any set of 
coset representatives for K by H. Let b and c be elements of order 2 
generating the subgroup of type {2, 2}. 

Let 


A = (kyg,...,k,).{(e, bc) + (6, c)( M—e)}+k, M.(e,l, bc), 
where M —e indicates all elements of M except e. Let 


B = (e,b). (ly, laye-oyty)y C= (€y€) o (Egy Laynny Ue 
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= (ky,..., kb, )(e, be)(e)(e, b)(1,, Ug. 005 Uy) + 
+-(kg,..., k,)(b, c)( M —e)(e, 6) (L,, Ug,.+-5 y+ 
+k, M(e, 1, be)(e, b)(Ly, Lg,-+05 Ly) 
= (ky,..., k,)(e, 6, ¢, be) M(L,, ly,..., ,) +h, Le, 6, ly ¢, ly, bc) 
— | k,, le, b, Cc, be) L+-k, Lee, b, ¢, bc) 
== (k,, k,,...,&,)H = K. 
Similarly it can be shown that AC = K. 

It is easily verified that 6 is the only period of B and that c is the 
only period of C. Thus B and C have no period in common. 

Let f be a period of A. Then /f is an element of K. Therefore multipli- 
cation by f will permute the cosets Hk,, Hk,,..., Hk, among themselves. 
al fy Mle, lpbc) = ky M(e,lgbe), 
then {M(e,l, bc) = M(e,l, be), 
and f is an element of H. Thus f is of one of the forms /, lb, Ic, lbc, 
where / is in L. Clearly f can be only of the first or last form. But, 
since f is in H, f must also take {e, bec+-(b,c)(M—e)} into itself. Now 1 
does not do this unless / = e since otherwise le = 1 does not lie in the 
set. Similarly /bc does not do this unless / = e. But bc is not a period 
of M(e,1, 6c) since /, is not in M. 

The remaining possibility is that f take k, M(e,/,bc) into 

k{(e, bc) +-(b, c)( M—e)}, 
where i > 1. Now f is of one of the forms 
k;l, k;lb, kyle, k,lbe, 
where / is an element of L. Let f, = &,l. Then both f,k, and f,k,1, 
lie in k; M. It follows that /, lies in M. But this is not the case. There- 


fore A is not periodic. 
It follows by Theorem 1 that G is bad. 


THEOREM 3. Groups of type {p*, 2,2}, including those of type {2A, 2, 2}, 
where p is a prime, are bad if A > 4. 
Proof. This follows from Theorem 2, by taking K of type {p', 2, 2}, 


H of type {p*, 2,2}, and L of type {p?}. 
These are the only groups to which this theorem applies but to which 
one of the similar theorems of de Bruijn does not already apply. 
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3. Good groups 
In this section it is shown that the groups of types {3?, 3}, {2, 3, 3}, 
{24, 2} {23, 2, 2}, {22 99 2}, {28, 25}, {2?, 2, 2} are good. 


J» a 9 Ho; © 


THEOREM 4. The groups of types {3*, 3} and {2, 3, 3} are good. 
Proof. This follows immediately from Lemma 3 of (4). 
We now prove a lemma similar to this lemma but with one extra 
condition required. 
Lemma 1. Jf G is a group, AB = G, A has four elements, and two 
elements of A have a common square, then A or B is periodic. 
Proof. Let A have four elements a, b, c, d with a® = b?. Then 
(a,b,c,d)B = G. 
Multiplying (1) by a and by 6 we obtain 
(a?, ab,ac,ad)B = G, 
(ba, b?, bc, bd) B = G. 
Using a? = 6* and comparing (2) and (3) we see that 
(ac,ad)B = (bc, bd)B. 
Now, if acB and bcB have an element in common, then so also have 
aB and 6B, which contradicts (1). Therefore 
acB = bdB, adB = bcB. 
It follows that either B is periodic or ac = bd and ad = bc. In this 
case 
ab-'A = ab-(a,b,c,d) = (a*b-!, a, bac, b—ad) 
= (b*b-!, a, b-bd, b-'bc) = (b,a,d,c) = A. 
Therefore A is periodic. 


THEOREM 5. The groups G of types {2*, 2,2} and {2?, 2, 2, 2} are good. 


Proof. It may be assumed that one factor has either two or four 
elements. In the first case one factor is periodic by Lemma 3 of (4). 
Since there are only two squares among the elements of G, it follows 
in the second case by Lemma | that one factor is periodic. 


THEOREM 6. The group G of type {2°%, 2, 2} is good. 

Proof. Let AB = G. It may be assumed that A has two or four 
elements. If A has two elements, then A or B is periodic by Lemma 3 
of (4). Let A have four elements. Then it can be assumed that no 
two elements of A have a common square. 
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Let a, b, c of orders 8, 2, 2 respectively generate G. Then (a,a‘d,c), 
(a,b, a‘c), and (a,a*b,a‘c) are other systems of generators of G. Let 
A = ¥ arbhicr = ¥ ar+4Bi(ath Pert = F ar+4r( atch 
a= >) axt4Bi+4yi(qth Bi(qte)yr*, 


I sn pa aXibeic’ — b 2 as+4i(ath Hier — > ar+4vi(atc )ibti 
=. > a+4uirdve( qth Ha(atc)%, 


No two exponents «; in A can be congruent modulo 4. From AB = G 
it follows that 


(> xr%) “> ai) = _ (> xi +4Bi)/ > ats) = — (> xu+4yi)/ bs a+4ri) 
=(> nny > vrtucttn) = 4(1+a+...+27) (mod (x*—1)). 


Therefore F(x) = x*+1 divides (i) } 2% or Sx, (ii) } x4 or 
¥ verte, (iii) F at or F art, (iv) F xettBer4n or F arkt4ert4n, From 
the above assumption about the exponents a, it follows that F,(z) 
divides S a, ¥ akt4us, Sarita, S ahetductan, 

These results are now used to show that a‘ is a period of B. The 
following notation is used. We say that 

(ky,1,,m,) = (kg, l,,mg) modulo (8, 2, 2) 
if k, = k,(mod8), 1, =1,(mod2), m, = m,(mod 2). 
It is shown that (4,0,0) is an additive period of the three-tuples 
(A,;,4;,v;) modulo (8,2,2). From the above results 4 is an additive 
period of each of the sets A;, A;+4y,;, A;+4v,;, A, +4yn,+4y, modulo 8. 
Since B can contain no element twice, any given number A; = A occurs 
at most four times. 

If A; = A occurs four times, then the pairs (y;,v;) occurring with it 
must be (0,0), (0,1), (1,0), (1,1). But A; = A+4(mod8) must also 
occur four times, and again the pairs (y,,v;) occurring with it must be 
(0,0), (0,1), (1,0), (1,1). Thus (4, 0, 0) is a period of these sets modulo 
(8, 2,2). Let A; = A occur three times. Let the missing three-tuple be 
(A, u,v). Then from these three-tuples A+4y occurs once and A+-4y+4 
occurs twice among A;+4y,. Similarly A+ 4v occurs once and A+-4v+-4 
occurs twice among A,+4v;. Now A; = A+4(mod 8) must arise three 
times. It is the only other number A; giving rise to numbers congruent 
to A(mod 4) in any of the sets. Therefore from these A+-4y must arise 
twice, A+-4.+4 must arise once in A;+4y,, and A+ 4» must arise twice 
and A+4v+4 must arise once in A,+4»,;. It is easily verified that 
(A+4, u,v) must again be the missing three-tuple. Thus (4,0,0) is a 
period of these sets modulo (8, 2,2). Similarly, if A; = A occurs once 
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only, say as (A,y,v), then again, using the periodicity of A;, A;+4,,;, 
and A;-+-4y,, it can be shown that (A+4,y,v) occurs. Thus (4, 0,0) is 
again a period modulo (38, 2, 2). 

The remaining case is that in which A; = A occurs twice. In this 
case the corresponding three-tuples may be of the form 
(A,p,v), (Ayw+I,v); (A,pyv), (Ayu,v+1); or (A,p,v), (A,u+1,v+1). 
The first two cases are similar and only the first and third are con- 
sidered. In the first case A+4 must occur twice, and from the 
periodicity of A,;+-4v,; it follows that vy must occur twice with it. The 
corresponding y; must be distinct and so must be w and n»+1. Thus 
(4, 0,0) is a period of these sets modulo (8, 2,2). In the third case A+ 4 
must occur twice and » and »+1 once each and v and v+1 once each 
with it. This allows two possibilities: 

(A +4, u,v), (A T 4, + 1,v+1) or (A+4, u,A+1), (A+ 4,u+1,v). 
We have not yet used the fact that 4 is a period of A;+4y,,+4»,; modulo 8. 
Numbers congruent to A modulo 4, can only arise from A; =A or 
A; = A+4(mod8). But the numbers 

(A,p,v), (Ajuti,v+1), (A+4,y,v+1), (A+4,n+1,r) 
all give rise to A+-4u-+-4v modulo 8. Therefore these sets cannot arise. 
Thus (4, 0,0) is again a period modulo (8, 2,2). It follows that a* is a 
period of B. This completes the proof. 


THEOREM 7. /f G is a group of type {24, 2}, then G is good. 


Proof. We may suppose that A > 1 since the case A = 1 has been 
dealt with by de Bruijn. Let 24-! = m. Let a and 6, of orders 2m and 
2 respectively, generate G. Then a and a™b also generate G. Let 

A = ¥ arbi = ¥ ar+mbi gmbh, 
B= > adhe = ¥ atmniamh)e, 
Then from AB = G it follows that 


(> x) Fa) = ( DY rreemby( Y germs) = 2(14-2+...+22™-1) 
(mod (22"—1)). 


Therefore F,,,(z) = (x™-+1) divides (i) ¥ 2 or > 2%, (ii) ¥ 2+ or 
> ghitmpis, 

The two cases to consider are that in which F,,,(x) divides two 
polynomials derived from the same factor and that in which F,,,(x) 
divides one polynomial derived from each factor. 

In the first case we may assume that F,,,(x) divides > x and 
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> «+m, As in the previous theorem we use these results to show that 
a™ is a period of A, i.e. that (m,0) is an additive period of (a,,8,) 
modulo (2m, 2). Now a, = a can occur at most twice. If a, = a occurs 
twice, then a, = a-+m (mod 2m) also occurs twice, and in each case 
the numbers £; must be different, and so must be 0 and 1. Thus (m, 0) 
is a period of these sets modulo (2m, 2). If «; = « occurs once only, say 
as (a,8), then a+m must also occur once only. In a;+mf,, a+mB 
occurs once. Therefore a-+-mf8-+m must also occur once. This can arise 
only from (a+m,f). Thus (m,0) is a period of these sets modulo 
(2m, 2). It follows that a™ is a period of A. 

In the second case it may be assumed that F,,,(x) divides } «™ and 
yam, Thus, if (a,8) occurs among (a;,8;), so also does either 
(xa+m, 8) or (a+m,8+1) modulo (2m,2). Also, if (A,u) occurs among 
(A;, #;), 80 also does (A, u1+1) or (A+m, «) modulo (2m, 2). If every time 
(A, 2) occurs, so also does (A,u+1), then 6 is a period of B. Suppose 
that (A,u) and (A+m,,) occur. Let (a,8) occur in A. Then (a-+m, ) 
cannot occur. For, if it occurred, then the element a*+4+™}*++ would 
occur twice in AB as (a%b®)(a+™br) and as (a**™b?)(a*b#). Therefore, 
if («,8) occurs, (a+m,8+1) must also occur. It follows that a™b is a 
period of A. This completes the proof. 

THEOREM 8. The group G of type {2?, 27} is good. 

Proof. Let a and 6, each of order 4, generate G. Let AB = G. If 
A has two elements, then, by Lemma 3 of (4), A or B is periodic. We 
may assume that A and B have each four elements. Then by Lemma 1 
it may be assumed that no two elements of A and no two elements of B 
have a common square. There are only four squares in B, namely 
e, a®, b?, a%®. It follows that the squares of the elements of A and of B 
take these once each. Therefore A and B are of the form 

e, (aor a*).(e or 6), (e or a*).(b or 6%), (a or a*).(b or 6°). 

Let A= > arbh, B= > abe, 

Then from AB = G it follows that 

(¥ 2™)( Sa) = 4(14+a+2%+25) (mod (z*—1)). 
Therefore F,(x) divides ¥ x* or } 2. It may be assumed that F,(z) 
divides 5 x“, Then the numbers a; are 0, 1, 2, 3 or 0, 0, 2, 2. From 
the form of A given above they must be 0, 1, 2, 3. If a* = c, then 
c? = a and, if 6 = d, then d} = 6. Thus by renaming generators, if 
necessary, it may be assumed that A is of the form 
e, a(e or b?), a%, a%(b or 6°). 
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Now, if g, and g, are different elements of A, then g, gz! is not in B, 
For this would give g, occurring twice in AB as 


91 = (9:)(e) = (92)(91. 927). 


If A is e, a, a*b, a*b, then letting 

i = €, Jo = a°b; g, = ad, 9. = €; 9) = 4, 2 = 2°; 9, = a, 9, = 
we see that B can have no element whose square is a*b?. If A is e, ab? 
a*b, a*b, then letting 


9, = €, 9, = ab*; 9, = ab*, 9g, = €; 9, = 2°, g. = a*b; g, = a*b, 9, = a*b 


we see that B can have no element whose square is a®. If A is e, a, a*b, 
a‘b®, then letting 
Ji = €, Jo = 4; Jy == 4, Jo = €3 J, = 2°, J. = a*b*; g, = a*b®, g, = a 
we see that B can have no element whose square is a*. Finally, if A is 
e, ab?, a*b, a*b®, then letting 

2=¢,,= 06; g, = a°d*,g,=¢; 9g, = ab*, 9, = a%; 

g, = a*b, g, = ab? 

we see that B can have no element whose square is a*b?. It follows 
that no factorization exists in which A and B are both non-periodic. 
Therefore G is good. 


4. Factorizations of infinite abelian groups 

In this section extensions of previous results on finite abelian groups 
to certain infinite abelian groups are made. It is shown that, where 
a group of type {p*} occurred in the finite case, it may be replaced by 
a group of type {p*}. Every element of a group of type {p*} has finite 
order p’, where A is some integer. Every proper subgroup is a finite 
cyclic group of order p’ for some integer A. If a and 6 are elements of 
orders p* and p#, where A > p, then ab has order p*. If A = p, then ab 
has order less than or equal to p*. The convention is adopted that, if 
A is an integer, then A < «, 


THEOREM 9. If G is a group of type {p*}, where p is a prime, and 
AB = G, where the number of elements in A is finite, then A or B is 
periodic. 

Proof. Since every element of A has finite order, there exists an 
integer A such that every element of A has order less than or equal to 
p. For each integer p let B, denote the set of elements of B with 
order less than or equal to p. Let B— B, denote the remaining elements 
of B. If wp >A, A(B—B,) contains no element of order less than or 
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equal to p* but every element of AB, has order less than or equal to 
p*. Since AB = G, it follows that AB, = G,, where G,, is the sub- 
group of G of order p+. By the result of Hajés (3), A or B, is periodic. 
Therefore, if A is not periodic, B, is periodic for all » >A. Since any 
power of a period of B,, is also a period, it follows that every element 
of G of order p is a period of B,. Let g be an element of order p. Let 
b be in B. Since 6 has finite order, there exists an integer » > A such 
that 6 is in B,. Therefore gb is in B, and so in B. It follows that g is 
a period of B. This completes the proof. 


THEoREM 10. If G is a direct product of a subgroup H of type {p*} 
and a subgroup K of type {q}, where p and q are distinct primes, AB = G, 
and the number of elements in A is finite, then A or B is periodic. 

Proof. Any element of @ can be expressed uniquely as hk with h in 
Hand kin K. Let A = ¥ h;,k,, where the elements h,; are in H. Since 
the number of elements in A is finite, there exists an integer A such 
that every element A, occurring in the expression for A has order less 
than or equal to p’. For each positive integer py, let B, denote the set 
of elements 6 of B such that the greatest power of p dividing the order 
of 6 is less than or equal to p*. Let B—B, denote the remaining 
elements of B. For each « > A, A(B—B,,) contains no element whose 
order is not divisible by p**1, and A B, contains no element whose order 
is divisible by p**?. Since AB = G = HK, it follows that AB, = H, K, 
where H,, is the cyclic subgroup of H of order p*. Then H,, K is a group 
of type {p",q} By de Bruijn’s result (2), it follows that A or B, is 
periodic. If A is not periodic, then B, is periodic for every p > A. 
Since any power of a period of B,, is also a period of B,,, it follows that 
either every element of order p or every element of order q is a period, 
One of these must be a period for infinitely many ». Let g be a period 
of B, for infinitely many ». Then for any » >A there exists vy > p 
such that g is a period of B,. Let b be any element of B. Then, since 
b has finite order, b isin some B, such that g isa period of B,. It follows 
that gb is in B, and so in B. Therefore g is a period of B. This com- 
pletes the proof. 

THEOREM 11. If G is a direct product of a group H of type {2°} and 
a group K of type {2} and AB = G, where A has a finite number of 
elements, then either A or B is periodic. 


Proof. Let A = > h;k,;, where the elements h,; are in H. Since the 
number of elements in A is finite, there exists an integer A such that 
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every element /; occurring in the expression for A has order less than 
or equal to 2’. For each positive integer » let B,, denote the set of 
elements 6 = hk of B, where h is in H and k is in K and such that the 
order of h is less than or equal to 2+. Then, as in the proof of the 
previous theorem, AB, = H,, K for all » > A, where H, is the subgroup 
of H of type {2+}. Then, by Theorem 7, either A or B,, is periodic. 
If A is not periodic, B, is periodic for all » >A. It follows that an 
element of order two is a period of B, in each case. Since G contains 
only three elements of order two, it follows that one of them must be 
a period of B, infinitely many times. As before it can be shown that 
this element is a period of B. This completes the proof. 


THEOREM 12. Jf G@ is the direct product of groups of type {p™}, where 
i = I, 2,..., k, the numbers p, are distinct primes and the exponents A, are 
positive integers or infinity, AB = G, and the number of elements of A 
is a power of a prime, then either A or B is periodic. 

Proof. Let G = H,.H,.....H),, where, for each i, H, is a group of 
type {p*}. Then every element g of G can be expressed uniquely as 
g = hyh,...h,, where, for each i, h; is in H;. Let 


A= Shas lady 


where h,,; is in H, for each i. Then, since the number of elements of 
A is finite, for each i there exists an integer v; such that every h,; 
occurring in the expression for A has order less than or equal to p*# 
and vy; < A,. Let B 


Bistrot 
be the set of elements of B such that b = h,h,...h,, where h, is in H, 
and has order less than or equal to p#, where the integers yp, are less 


Suppose that A; > yu; >v,;, where p; is an integer, for 1 <i < k. 
Let H,,,, denote the subgroup of H;, of order p#. Then A(B—B,, _,.,) 
contains no element of H, ,,, H,,,, ... H,,,, but every element of AB, 
is in H,, H. H, Since AB = G, it follows that 
AB = Ay y, Ay y, 


1peg ** 2,pta °°° ~~ Ke pta® 
Migros 1ya’ 


Since the numbers p, are distinct primes, H,,,,,... H,,, is a finite cyclic 
group. Therefore, by Theorem 2 of (4), A or B,,,_.., is periodic. 


such that rj a By > Vi. Let in ™ n if n < AX and Hin = A if n> rj 
for each integer n. Then for all m greater than or equal to the maximum 
is periodic. Since any power of a period is 


of Vy ye0e5 Ves } ae 
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also a period, it follows that all elements of order p,, all elements of 
order /,,..., or all elements of order p, are periods of B,., .,,- There- 
fore some element, say g, is a period for infinitely many n. Let 6 be 


in B. Since 6 has finite order, b is in B,, .,,, for some n, and g is a 


period of this set. Therefore gb isin B and so in B. It follows 


tt a ad 


that g is a period of B. This completes the proof. 
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ON THE SUM OF A PARTICULAR BILATERAL 
HYPERGEOMETRIC SERIES ,#A, 


By W. N. BAILEY (London) 


[Received 2 December 1957] 


1. It has been known for many yearsf that 


H Pi i = r d, e, l—a, 1—b, d+e—a—b—1; 
an | ee , 


where iy | 


d—a, d—b, e—a, e—b ae 


er _ [(a,)... T(a,) 
Byye> On | (by). P(On) 
Recently H. 8. Shukla (5) has obtained a formula equivalent to 
1+-4x, b, a; 
Hl 1+xn—b, J 


_ 1+n-—a—w r l—a, 1—b, w, 1+«—b, e—a—2b+w—1; 
med w—a, w—b, e—2b, 1+n—a—b 


m 


K 
which, he remarks, gives the formulat 
a, 1+-4a, b; w, w—b—a—l1; 
4 ie or? = (wt+b—a—l1)T] ’ : 1.3 
, | ha, w shite w—a,w—b es 
when 6 = « and x, a are then replaced by a, b, and when w = 1 in (1.2) 


it reduces tot 


fe shane _k-a , peep ae} (1.4) 


ln kx, 1+n«—b a x—2b, 14+n—a—b 


I give here a formula more general than (1.2), namely, 
b,f+1; d,e, 1—a, 1—b, d+-e—a—b—2; 
F a, ’ ! > cand > ’ > ' > 4 1.5 
° | d,e,f ar d—a, d—b, e—a, e—b a 
where A= {(f—a)(f—b)—(1+f—d(1+f—e)if. 
This gives (1.1) when f > 00, and (1.2) when 
1+2f = b+e. 
+ Dougall (3) § 13. For the notation used here, see Bailey (2). 
¢ For (1.3) when 6 is a negative integer, see (1) § 4.5 (1.1), and for (1.4) see 


(1) § 6.4 (2). 
Quart. J. Math. Oxford (2), 10 (1959), 92-94. 
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2. The proof of (1.5) is an easy deduction from (1.1). 


| (+1, _ftm _ (e+n—1+(f—e+1) 
= = 3 f 





it follows that 
litle] =Flecnlgt euros 


and the result follows from (1.1). 


3. A more general result can be obtained. M. Jackson (4) has shown 
that 


a,b,c;] _ ,[d,e,f, l—a, 1—b, e—b; 
Hl e, f i 3 ar e—b, f—b, ¢, aad as 


2 Aft —d, 1+b—e, 145-fi) 
21 1+b—c, 1+b—a 
4(beve), (3.1) 


where (b «+ c) means that the second term on the right is obtained from 
the first by interchange of 6 and c. 

Now, when c = f+n, where n is a positive integer, the second ex- 
pression on the right vanishes because of the factor ['(f—c) in the 
denominator, and we get 

a,b, f+n; _ (f—), d, e, l1—a, 1—b; 
H| d,e,f Uh. 1é—t o—4, 1445-0) * 
1+b—d, 1+b—e, 1+6b—f; (3.2) 
1+b—f—n, 1+b—a er 

We now use the relation [(1) § 3.8 (1)] between F'p(0; 4, 5), Fn(5; 0, 3), 

and Fn(3; 0,5) with c = f+n, and we get 


a,b,f+n;] __ ,fe,e—a—6; a, b, 
1 e,f | m 5 a e—b eee At 
and this shows immediately that the series in (3.2) can be expressed 
in finite terms. In fact 


HJ” ig (f— np d, e, 1—a, 1—6, ee 
| d,e, f oh r| d—a, d—b, e—a, e—b 


xah| 


1+b—d, 1+b—e, —n; 
Niscias a ta eae (3.3) 
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A result symmetrical in a and 5, and in d and e, can be obtained from 
this by using the formula Fp(0; 4,5) = Fp(0; 1,4). Then (3.3) gives 
b, f+n; 
H,|*.» 
ml act | 
_ (f—a),(f- Dn d, e, l1—a, 1—b, d+e—a—b—n—1; . 
— (fn d—a, d—b, e—a, e—b 
, |d—f—n, e—f—n, —n; 
x alt b , > - f 
. Sou n soa aead (3-4) 
Now reverse the series on the right of (3.4), and we get 
y,|® b,f+n;| _ ,fd,e, l—a, 1—b, d+e—a—b—n—1; _ 
tie cs Sy ~~ | d—a, d—b, e—a, e—b 
(—1)"(1+f—d),,(1+f—e) f—a, f—b, —n; ys 
x U n EF. e 
Te tgp a tye 
For the cases n = 0, 1, this reduces to (1.1), (1.5). When f > «, (3.3) 
s the more suitable form of the result. 





REFERENCES 
. W.N. Bailey, Generalized Hypergeometric Series (Cambridge tract, 1935). 
- —— Quart. J. of Math. (Oxford) (1) 7 (1936) 105-15. 
. J. Dougall, Proc. Edinburgh Math. Soc. 25 (1907) 114-32. 
. M. Jackson, J. of London Math. Soc. 27 (1952) 116-23. 
. H. 8. Shukla, Canadian J. of Math. 10 (1958) 195-201; 200 (4.2). 





THE MINIMUM MODULUS OF A POLYNOMIAL 
ON THE UNIT CIRCLE 


By J. CLUNIE (Imperial College, London) 
[Received 10 December 1957] 


Sa, be a polynomial of degree n with |a,| <1 
0 


(0 <v <n). Then, if 
m(P,,) = min|P,(z)|, 
z\=1 


2a 
we get m*(P,) < =| \P, (e%) |? dd = > ja, |*. 
0 


From (1) it follows that 
m(P,,) < (n+-1)*. 


The following problems were posed by Dr. P. Erdés and conveyed 
to me by Professor W. K. Hayman. How large can m(P,,) become when 


(i) ja|/<1 (0Kv<Kn), (ii) ja/=1 (0<v <n), 
(iii) a,= +1 (0<v<n)? 
In this paper I shall give an answer to (i) by proving the theorem 
TuHEoreM. There is an absolute positive constant A such that for any 
integer n (> 1) there is a polynomial 
Qnlz) = S02” (\OK| <1; 0 <v <n) 
0 
for which m(Q,,) > Ant. 


2. Two lemmas are required. 
@ F ao 
Lemma 1. Let f(z) = > ev “ez” = 5 c, 2’. 
T T 


For all p < 1 we have 
\f(z)| < K(1—p)+*  (\2| = p), 
and, for a sequence p, < py <...>1 with p, > phi1, q being a fixed 
positive integer, 
\f(z)| > K-\(1—p,)+* (|2| _ Pn)s 
where K is an absolute positive constant, 
Quart. J. Math. Oxford (2), 10 (1959), 95-98. 
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This result is known (1). 
Lemma 2. Jf 


8,( ; = 8(p, @) = 0 


and 5 So(p, 9) = 0, 


then S(p,8)| < Kn(1—p)-* (p <1; |0! <=). 

This follows from Lemma | and a known result [(2) 236]. 

It is known that s,(p,6) = O(nt) uniformly in n, p (< 1), and 6 
[(3) 118]. Use of this result would simplify the proof of the theorem 
to some extent, but, as it lies deeper than Lemma 1, I have avoided 


its use. 


3. If z = p,e*®, then 


fe) = ¥ eiphetrpk 


{s,(p}, 6) —8,_,(ph, A) }ph” 


= (1—pn) & 8o(Phs Opn. 


Repeating this procedure we find that 


f(z) = (1—p})? ¥ S, (pt, Api. 


Using Lemma 2 we have 
> S,(p}, O)pi?'| < K(1—ph)-+ > vpv 
N+1 N+1 
af (N+ 1)ph4 +» pitin 
( (L—p}) (1—p},)? 


= K(1—ph)-tp#+0{N +. 1+ ph(1—ph)}. (3) 


= K(1—p}) 


n 





We now choose N =A, = [a(1—pt)-], 
where « is a positive constant to be determined later. Hence 
pxS*) = exp{(N+1)log(1—(1—ph))} 
< exp{—(N+1)(1—p})} 
<—<—>", 
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From (3) and the above we find that 


|S siotoe| <x( Belay 84 


= Ka-\(1+a)e-™(N+1)! 
< K2!a-4(1+-a)e-*N4, (4) 
Therefore, from Lemma 1, (2), (4), and the definition of N = A,, 


N 
| S S,(pt, @)p| > K-12-2a-1Nt— K2ta-H(1+-a)e-2 4 
1 
= a-{K-12-1_ K2(1+a)e-3}N# (5) 
for |0| <a 
N 
Obviously > S, (ph, 8) pi 

1 


N 
is a polynomial of degree N in e“’, which we denote by p32 d, ce”, Now, 
with 0 <v<N, 

d, _ = c, pi{pl V4 Dol t+D +(N+1—v)p? rh, 
— id, | < pi{pl’+...+(N+1—v)pb%} 


< (1—pi)%< (=) < 4a-2N?, 
a 


Let e, = (a?/4N?)d, (0 <v < N), and we get, from (5) and (6), 
|S ¢,2| > pla WK-7A21 KI +aje-%} (\z}= 1). (7) 
0 


Choosing a large enough and then keeping it fixed we see, from (7), 
that there is an absolute constant A, such that 


| See >A,Nt ((\z| = 1), 


for the sequence N = A, 
For the sequence N = A, we define 


Qy(2) = > e, 2”. 
It follows from Lemma 1 that 
Ansa = [x(1—phya)] < [o(1—p™)*] 
< [ag(1—ph)*] < gAn+1) < 2g, 
Hence, if, for A, <v < A,4,, we define 


Q(z) = (2), (9) 


3695 .2.10 H 
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then we get, for |z| = 1, 
1Q,(z)| > Ay Ak > A,(2q)-HA. 
Finally, for 1 < v < A, we define 
Q(z) = 1. 
The theorem follows from (8), (9), (10) with 
A = min{A;*, A,(2q)-}. 
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ON AN EXPANSION IN EXPONENTIAL 
SERIES (II) 


By 8S. VERBLUNSKY (Belfast) 


[Received 1 January 1958] 


1. THE notation of the introduction of the first paper (1) will be used 
without further explanation. We begin with the analogue of the Riesz— 
Fischer theorem for the expansion we are considering. We have the 
theorem: 

THEOREM 1. If a, (v = 1,2,...) is a sequence of complex numbers such 
that > \a,\? < 0, then there is a function f € L,(0,1) such that 


1 
I 
* = a5 } fl}d,(t) dt (v = 1,2,...). 


The converse is not true without some further restriction on the 
function A(z). I state without proof that it is possible to define k(u) 
and a function f which is c.b.v. (continuous and of bounded variation), 
so that limsup|a,| = 00. The function A(z) which corresponds to k(u) 
in this example has the property that pairs of its zeros are arbitrarily 
near to one another. When this does not happen, the converse of 
Theorem | holds. We have the theorem: 


THEOREM 2. If the set of distances between the zeros of A(z) has a 
positive lower bound, and if fe L,(0,1), then > |a,|? < 00, where the a, 
are defined by (1). 

We consider finally the solution of the integral equation 

1 

[ kw) fe+u) du = g(2), (2) 

0 
where g is given for all z, f is given in (0, 1), and it is required to define 
f outside this interval so as to satisfy (2) for all x. It is not difficult 
to find necessary and sufficient conditions that there shall be a unique 
solution belonging to a suitably chosen class of functions. I shall not 
do this here; such conditions have been stated without proof by Lyubié 
[(2) 194] in the case where k(u) has bounded derivatives. We wish to 
obtain the solution of (2) in the form of a series d,+ > d,e, where 
the d’s depend only on the given g and on the values of f in (0,1). 


Quart. J. Math. Oxford (2), 10 (1959), 99-109. 
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One must compromise between generality in the enunciation and sim- 
plicity in the proof. We shall consider the case in which the solution 
f(x) is c.b.v. in every finite interval. The relevant existence-and-unique- 
ness theorem is as follows. Jf (2) has a_ solution f(x) which is c.b.v. in 
every finite interval, then g'(x) has the same property, and the initial 


conditions 


1 1 
| Aw) fw) du = g(0), fu) df(u) = g'(0) 
6 0 


are satisfied. Conversely, if g'(x) is c.b.v. in every finite interval and f 
is assigned and c.b.v. in (0,1) and satisfies the initial conditions, then the 
definition of f can be uniquely extended so as to be c.b.v. in every finite 
interval and to satisfy (2) for all x. 

Before enunciating the theorem, we remark that the notation of (1) 
(6) has the disadvantage that (1) (9) does not appear to be the case 
v = 0 of (1) (10). If we write A, = 0 and 


1 
w,(u) = k(u)+A,em | k(vje dv (v=0,1....), 


then (1) (8) becomes 
1 
| w,%,du = BA,) (v 
0 


and (9), (10) of (1) can be written 


1 
1 
a, = Fa) [ fu)eo(u) du (v 


0 
We now define 


and 
We have the theorem: 


THEOREM 3. Let g’(x) be c.b.v. in every finite interval. Let f(x) be a 
solution of (2) which is c.b.v. in every finite interval. Then 


> c, eM 
0 
converges, as p —> 0, to f(t)+g'(t)/2k(0), uniformly in every finite interval. 


We establish this result by the method used for Theorem 1 of (3). 
It will therefore be sufficient to give a sketch of the proof, retaining 
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the details which are novel, and replacing the others by appropriate 
references to (3). This is done in § 6. 


2. There is a positive integer x such that the number of zeros of A(z) 
in any ring p < |z| <p+l is less than x. Hence, giving p the value 
|A,|, we see that 

Acayl > JA,[+1 (v = 1,2,...). (3) 

Lemma 1. If |n—m| > k, then |X, —A,,| > |n—m| /2k. 

Proof. We may suppose that n > m. Let p be the positive integer 
which satisfies the inequalities 

m+pe <n <m+(p+l)«. 
Then n—m < (p+1)x, and 
p > Mp+l) > (n—m)/2«. 
Now An! > Palle! > Pepi! A! 
p—1 
2 2 Amira! = Ansre! >p 
by (3). By (4), the result follows. 

Write A, = £,+in,. We recall that there is a positive constant C, 
which we may suppose to be greater than 1, such that |£,| < C for 
v= ae ae Let K —_ 12xC, (5) 
so that K > kx. 

Lemma 2. If |n—m| > K, then |A,+A,,| > |n—m| /3x. 

Proof. We may suppose that n > m. By Lemma I, 

lEn—Emt+tUn— Mm)! > (n—m)/2«. 
Hence 
Ant+Am!| = ln— Mm! > (n—m)/2x—2C > (n—m)/3x. 
Lemma 3. There is a positive constant A such that, if {a,}(n = 1,..., N) 
denotes any finite set of numbers, and 
P(x) = > 4, ere, ¥(z) = > a, er, 
1 
[ \@(x)/*dx < AS |a,|*, (6) 


0 


1 
f'¥@rtde <A |a,/ (7) 
0 


Proof. The proof is based on a study of (4), (5). We shall use P to 
denote a positive constant independent of the a,,, possibly different at 
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102 
We write Q = P > |a,|*. Since ®(—z) = ¥(z), 


different occurrences. 
it suffices to prove that 


1 
[ @@|tde <Q. 
-1 


We have, for 0 <h < 2, 


h h 
| ©)? dz = | Sa,e"> G,, em da 
“h 


—h 


h h 
=> |a,|* | c= dr+ >” Gy Gm | eAnthwde dar 
Re 


—h 


= J, +d, 
Then 


where the accent denotes a summation subject to n ~ m. 
: 
0<J, <3} Ia, a ett dx <Q. 
-2 
Write J, = 2+}, where in &, we have |n—m| > K and in 2, we 


have 0 < |n—m| < K. Then . 


, aid a, 
=, = ed WE ~ sinh(A,,+A,,)h, 


v 


2 - 
‘ld ald ay m . | | 
f E; dh = 234 4 oy va (cosh 2(A,, +A,,)—cosh(A,, +A,,)}- 


i n't “m 
2 


Hence fx 1 |@n | 
if 


*1 dh S rr = 


by Lemma 2. Recalling that 
2 a Am < |a,,|?+ i\Am g 


n 


we see that the last sum does not exceed 


2, a!" > emmy 


> K. Hence 


where, in the inner sum, |n—m 
2 


fz = ail < Q. 


Further < P%,/a,|\a,,|. 





ON AN EXPANSION IN EXPONENTIAL SERIES 103 


This double sum consists of 2K expressions of the form > |a,||@,,,|, 
where v has a fixed one of the values +1,..., +K. Hence 


2 
X31 <Q, J adh < Q. 
1 


h 
Thus jan |? dx =f ait fu dh <Q. 


Hence there is a € (1 < € < 2) such that 


€ 
| Paz <@. 
~~ 


1 
Since f |? dx <f |? dz, 
=—j -€ 


the lemma follows. 


3. Proof of Theorem 1 
Let F,,(x) = 3 a, er», 
1 


If p» > m, then 


1 1 
[Fait de = | | 5 anes] de 


< 4S lanl 


by Lemma 3. Hence the sequence {F,,} converges strongly in L,(0, 1) 
to a function f. Further, for vy = 1, 2,..., 


JH dz = lim | Fad, de 


Hence the result. 


4. Before proving Theorem 2, we show that the restriction on the 
zeros of A(z) is equivalent to the condition that the numbers | B’(A,)| 
exceed a positive constant. 
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Lemma 4. If there is a positive constant P such that 
|B(A,)| > P (n= 1,2....), 
then there is a positive d such that |A, —A,| >d forn + p. 
Proof. If not, there is a sub-sequence 
Any = EnttMn, (8) 
such that |»,,| > 00, and such that to each v corresponds a p, with the 


property, A,,—A,,-> 0. We may suppose that 7,,-> 00 or —0oo, say 


the former. Let R,, (m = 0,1,...) denote the rectangle 
le] <0, 2mm <y < (2m+2)r. 

To each v there corresponds an m, such that A, ¢ R,,,. Write 

= A,,—2mim,, z, = A,,—2nim,. 

Z,—> 2. Let 

F(z) = B(z+2zmim), G(z) = F,,(z). 
Then G,(z,) = G,(z,) = 0. 
The functions G,(z) being uniformly bounded in the rectangle 


jz4j} <<C+1, —l<y <2r+1, 


We may suppose thet {z,} is convergent, say z 


there is a sub-sequence {G, (z)} and a function G(z) such that 
G,,(z) > G(z), ¥,,(z) + G'(z), 
uniformly in the rectangle 
R’: |x| < C+4, —t<y < 27+}. 

G,(z,,)| > P. Hence |G’(z,)| > P. Thus z, is a simple zero of G, 
and therefore there is a neighbourhood of z) in which G, has but one 
zero if r is sufficiently large. This contradicts (9). 

Lemma 5. If there is a positive d such that |A,—A,| >d for n # p, 
then there is a positive P such that | B’(A,)| > P forn = 1, 2,.... 

Proof. If not, there is a sub-sequence (8) such that B’(A,,) > 0. As 
before, we may suppose that 7, > 00. We define z, as above, and we 
may again suppose that z, > z). There is a sequence {G, (z)} converging 
uniformly to G(z) in the rectangle R’. This time, we must prove that 
G(z) # 0. This follows from the formula [see (1) (12)] 


1 
Bz) = k(1)e?— je dk(u). 


This implies GS” (0) = Br(2rim,) = k(1)+e,, 
where ¢, — 0 uniformly in v. Thus, for sufficiently large n, G™(0) + 0. 
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The uniform convergence of {@,} together with B’(A,,) > 0 implies 

that G(z.) = 0, G’(z) = 0. Since G 4 0, the disk |z—z,| < 4d con- 

tains at least two zeros of G, if r is sufficiently large. But the zeros 

of B(z) and those of G, are all simple. This contradicts the definition 
of d. 


5. Proof of Theorem 2 
We do not alter the value of a, by adding a constant to f. We may 
therefore suppose that 


1 
{ fk u) du = 0. (10) 
0 


1 1 
Then a, A’(A,) = | fe dt | k(u)e« du. 
6 i 


Writing 
i i 
A, | k(uje™ du = k(1)e—k(t)e™— | eu dk(u), 
i é 


we see from (10) that 
a, B’(A,) = k(1)e*r,—s,, 


1 1 u 
where ry = [ fitle dt, 8, = [ dk(u) | fe" dt. 
0 ny) ri 


By Lemma 5, it suffices to prove that 
> Ir, |? <0 (11) 
and > |8,|2 < 0. (12) 
To prove (11), let g, (v = 1,...,) be any N numbers. Then 


1 
Tw = [fae dt, 
0 
1 1 
\Iral? < | ifdef | Save ae 
0 0 
1 
<A | |f Paty |g, 
0 
by Lemma 3. This implies (11). 


1 u 
Further > 3,9, = f dk(u) [sO Tae dt. 
a a 
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Let x(u) = J \dk(u))|. 
0 


1 


Then Zsa) < f de(u)| | fS dey, 
0 


0 


where S => qe, 


1 \f u 2 
Hence | > s,¢,|? < | de( dx(u J | Jas dt| dx(u). 
0 


But | [psa sat Ii <(J \fs| a 


1 1 
<fisde{ (sede 
0 0 
1 
<A ified ge, 
0 


by Lemma 3; and jeAvu |? < @2C, 
Hence | > 8,q,|* < B> lqvl*, 
where B is independent of the qg,. This implies (12), 


6. Proof of Theorem 3 
We recall (17), (18) of (1). By subtracting appropriate constants 


from f and g, we may suppose that 
1 
g(0) = | k(u)f(u) du = 0. (13) 


0 
If we adopt the method of (3) § 3, we obtain, for any a, 5, 


b 
a sinr,(t—z) , 
_ ~ | fe) ——— dx 


1 e* 1 et 
~~ Dari | Be dz— Omi | Bo ?2) dz, (14) 
dp dp 


v v+u 


®,(z) = z\9 g(x)e-* drs | He du J f(x)e-= dz, (15) 


I 


Pp 


and q, is the portion of the imaginary axis joining —ir, to ir,, with 
small segments replaced by semicircles, if necessary, to avoid zeros 


of B(z). 
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It is easy to prove that, for each v, ®,(A,) is constant as a function 
of v. Hence 


1 
©,(A,) = ®(A,) = —f fle){w,(2)—k(x)} de 
0 


1 
= — | fz)w,(2) de, 
0 
by (13). If we now use the argument of (3) § 4, we find that 


L= $ a,e+J+K,,, 


p 


Jp = 5— nd Be Be Po) a (16) 


K, = = fafa dz. (17) 
Cy 


Let (a,8) be a closed interval contained in the open interval (a, 5), 
Let ¢ vary in (a,8). In what follows, the constant implied by an 
O-estimate is independent of t, and the convergence implied by an 
o-estimate is uniform in t. We shall prove that 


t 
“ de [ emg'w du+o(l), (18) 


1 
6 = ni | Be 
Cp 


0 


t 
oe ea ial g(t) 
K, = ini | a | 9'(u) du— SF +9 (19) 


It will follow that 
ee »_ I(t) 
Jp+Ky = > A,(the™ — 340) +2 ()- 


Since J, = f(t)+0 (1), this will prove the theorem. 
In the expression (15) for ®,(z), the first term equals 


—g(vje-+ | e*g'(zx) de, 
0 
and the second term equals 
1 u 
J Hwee du f fle+) d(—e-*=+) 
0 0 


1 1 
= f(vjeA(2)—g(vje +e [ df(x+v) | k(u)er"- du, 
0 x 
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Hence (18) will follow if we show that 


ot ( ’ 
€ —2X fy! —_ ie oa 


Cy t 


1 1 
_e-m 1d b) | k(weX“-2 d | 
¢ jes J (upere-® dy 


is o(1). Of the three terms, consider the last, namely 


ext—b) +. dz, 
[ B(z) 


cS 
1 1 

where Dt an | df(x-+-b) { k(u)es“-#-? du. 
0 r 


Since k(u) is b.v., and rez(u—2—1) < 0, we have zH = O(1). Thus, 
the third term is o0(1). The consideration of the first and second terms 


is simpler. 
Finally, (19) will follow if we show that 


2 : 


, 


1 1 
—e-sa | df(x-+a) | k(u)esu-2 al = —mig'(t)/k(0)+0 (1). 


The second and third terms are easily seen to be 0(1). As regards the 
first term, we observe that 1/B(z) is O(1) on CZ and, for each argz 
between 47 and $7, tends to —1/k(0). Since rez(t—z) < 0, we have 
t 
z | e*t-2)9'(x) dx = O(1), 


a 
so that, by Lebesgue’s convergence theorem, the first term is 


t 


l q , t-—zx » 1 
Be | g'(x) dx | e*t-2) dz+-o(1) 
a Cp 
. t . ( ) 
2% 1,.,sinr,(t—2z — 
n 7m | 72S dx+o(1) = —mig’(t)/k(0)+0(1). 


This completes the proof. 
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ON THE ANALOGIES BETWEEN SOME SERIES 
CONTAINING BESSEL FUNCTIONS AND 
CERTAIN SPECIAL CASES OF THE 
WEBER-SCHAFHEITLIN INTEGRAL 


By C. J. TRANTER (Shrivenham) 
[Received 8 January 1958] 


Two results of fundamental importance in a recent solution (1) of some 
dual integral equations are special cases of the Weber—Schafheitlin 
integral. The results in question, which are easily derived from the 
more general ones given by Watson (2), are 


(i) if m is zero or a positive integer, v > —1—m, and k > 0, then 


ry \ 


Iv, m, k,r) = | DKS naga), (ra) dar 
0 


[(v-+m-+1) v(] —p2)k-1 2) [’ (1) 
FAP +yrimpky |”) F(k+v,v+1, 1") 


(0<r<l) 
0 (l<r) 


F,,(k+v,v+1,r?) being Jacobi’s polynomial (3); 
(ii) if m, n are zero or positive integers and v > —m—n—k, then 
I,(v, m,n, k) = | tS, .omsk(Z)Iys2n+4(%) dx 
; (2) 
{ (2v-+-4n-+2k)- (m = n) 
lo (m ~ n) 
In the results (1) and (2) above, v and k have been taken to be real, but 
this is not essential. However, for the applications in view, there is no 
need to consider complex values of these numbers, and v and k will be 
assumed to be real throughout this note. 

Two series analogous to the above two infinite integrals are likely 
to play an equally important role in what may be termed ‘dual Fourier— 
Bessel series’ and it is the purpose of this note to investigate them. 

The first series, analogous to the integral J,, is 

~ J. (cx, )eJ,. (x, 7) 
S,(v,m, k, = v+2m+k\“*s/"' v\“8 
mania? ag 


s=1 
where the a, are the positive roots of J,(a,a) = 0 anda > 1. 
Quart. J. Math. Oxford (2) 10 (1959), 110-14. 
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Applying Hankel’s inversion formula to (1), we see that, if vy > —1, 
t*S,, om+i(2) 


1 
oS I'(v+m-+1) oitie. iil 
= Tet Drm TH | OWN ethinthideces 


The Fourier—Bessel expansion of the function f(r) defined by 


I'(v+m+1) 
nd r(l —r kAFZ(k+y, v+l, r*) 
f(r) = { FTF 1)P(m+k) (0<r<}) 


0 (l<r<a) 
fir) = S AI a4) 








(5) 


9 a 
where A,= a*J2,.(a,a) | rf(r)J,(a,7) dr. 
0 


Substitution of f(r) from (5) in (7) and use of (4) yields 
, 2S, 2m+i(%s) , 
© aT}, (ag @)a§ 
The first of the required results then follows from this value of A, and 
equations (1), (3), (5), and (6). It is: 
if m is zero or a positive integer, v > —1, k > 0, and a, (8 = 1, 2,3,...) 
are the positive roots of J,(«,a) = 0 (a > 1), then 


— J, 42m+t(%)I, (ar, 
> Ear nit [melee de, 
= 6 


both when 0 < r < l and when 1 <r<a. 
The second series to be investigated is that analogous to the integral 
I, and is 








ti . Js 2m+ie%)I,42n+4(%s) 
ae ae 
This series is evaluated by writing 


__ Jaz) +4¥,(a2) 
F(z) = ~~ ®(z) (10) 


where D(z) = Jy s2m+k(2)4p+2n+4(2), (11) 
and considering f F(z) dz round a contour C. The contour C consists of 
(i) the portions of the positive real axis joining the points 
5, 1, — 5,5 ay +8,, p41 —5y41 (8 = 1, 2, 3,..., p—1); ap +5,, p, 
where the 5’s are small and p, p are large and such that a, < p < apis; 
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(ii) a series of small semicircles y, (s = 1, 2, 3,...,9) above the real 
axis with centres z = a, and radii 4,; 

(iii) a large circular quadrant, with centre at the origin and radius p, 
extending from z = p to z = pe?'"; 

(iv) the positive imaginary axis from z = pet" to z = det'7; 

(v) a small circular quadrant, with centre at the origin and radius 
5, extending from z = de!" toz = 6. 

This contour avoids all the singularities of F(z) and, if 4, 4,..., J; 
denote F(z) dz taken along the corresponding portions of the contour 


CO, then 
1+14+4+44+4, = 0. (12) 


ai —d1 p—1 %+1 7 Se41 a 
F(x)de+ S [ Flx)de+ | F(x)dx, (13) 
8=1 


Now i= | 
PY + Op + dp 


and (14) 


With a > 1, it can be shown that the integral J, along the large quadrant 
tends to zero as the radius p of the quadrant tends to infinity, and 


) 
I, = et [ F(yet™) dy. (15) 
p 
Finally, with the conditions specified for the integral in (2) and with 
the additional restrictions that k > —m—n and that v is not a negative 
integer, it can be shown that the integral J; along the small quadrant 
tends to zero as the radius 5 of the quadrant tends to zero. Hence, 
substituting from (13), (14), and (15) in (12) and taking the limit as 
5 tends to zero and p, p tend to infinity, we get 


oy —81 © 41 —8e41 
| F(x) dx+ > | F(x) dx+ 
Fi s=1 


ast+ds 


0 
+7 | Fe) dz+elim [ F(yeti7) dy=0. (16) 
s= ye A 


Jlayel")+i¥ (aye) = = e-¥rK (ay) 


J,(ayet'”) = eb", (ay), 
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and, since the real part of F(x) is ®(x)/z, it follows by equating real parts 
in (16), using (10), (11), and making a little reduction that 


a4 —8: © Oe41—Se42 


rel S J F(z) a:| =— J x(x) dx— ¥ I z®(x) dx+ 


s=1 a, +8, 


pate ae  K (ay) 
(Un sinke | TOD Isamer(lrsanculy) dy. (17) 


If R, is the residue of F(z) at z = a,, F(a,+5, e)5, e tends to R, uni- 
formly with respect to 6 as 5, tends to zero, and hence 


0 
lim [ F(z) dz = i} R,id0 = —7iR,. (18) 
5,0 % ¢ 
Now, since J,(2)¥,41(2) SF, 41(2)¥, (2) = —2/(72) 
and J,(a,a) = 0, it follows that 

Y, (a, @) _ 2/{ma, aJ,,1(~,@)}, 
and, remembering that J}(a,a) = —J,,,(a,a@), we see that the residue 
R, at z = a, is given by 


Fly) gy) 2i(a,) cas) 


~ ag aS (a, @) ~ maa J3, (0,0) 





Substituting from (18) and (19) in (17), letting 5, (s = 1, 2, 3,...) tend 
to zero, multiplying by }a* and substituting for ® we obtain the second 
of the required results: 

if m, n are zero or positive integers, v > —m—n—k and is not a negative 
integer, k > —m—n and a, (s = 1,2,3,...) are the positive roots of 
J,(a,a) = 0 (a > 1), then 





7 J, m+ (a,)J, y+2n +k Xs) = 
; ad rey = tof a, y+2m+k(X)e, y+2n+K(2) dx— 


—(—19 © sin ke (i K, coat Tsamsn(¥Irsansely) dy. (20) 


It will be observed from (8) that the sum of the series S, is always 
simply related to the value of the integral J,, and equation (20) shows 
that a similar relation between S, and J, exists when & is an integer. 


3695 .2.10 I 
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When & is not an integer, equations (2) and (20) provide a satisfactory 
means of computing the sum of the series S, especially when a > 1. 
I am indebted to Dr. W. N. Everitt for some helpful conversations, 
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SOME REMARKS ON STRONG SUMMABILITY 
By T. M. FLETT (Liverpool) 
[Received 14 January 1958] 


1. THIs paper contains some remarks on the strong summability of 
series and some related topics. In §§ 2-13 we consider the general theory 
of strong summability, with particular reference to Abelian and Tau- 
berian theorems. The most novel feature of this part of the paper is 
the introduction of strong Abel summability, which complements strong 
Cesaro summability in the same manner that ordinary Abel summa- 
bility complements ordinary Cesaro summability. In § 14-15 we con- 
sider the relation of strong summability to absolute summability with 
index k and also the relation of the latter to the finiteness of a certain 
integral studied by Marcinkiewicz and Zygmund. 

It is intended that the paper should give an account of strong summa- 
bility which is reasonably complete in itself. At the same time it is 
hoped that the paper will serve as a partial introduction to a forth- 
coming paper (8) on the summability of a power series on its circle of 
convergence. 


2. Notation. Let « be any real number other than a negative in- 
teger, and let 


E« — Pas a (a+1)(...)(a+mn) (n > 0), Ex = 1. 





ss n n! 


For any given series } a, and any n > 0 we write 


v=0 


v=1 


i= TM=na,, | Tx = > Bxx1T9, 
te = Te/ Re. 


of = AC/Ee, 
Then for any a and 5 we have 
Axt8 = > B81 As, Tat8 = > HS-1 7s. 
° 2, 2, 
Also [Kogbetliantz (14)] 
Tr = UG,—OR-1)s 


1 = —a(oz—o3-1). 


Quart. J. Math. Oxford (10) (1959), 115-39. 
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@ 
Further, if ¢(z) = }a, 2", the series being supposed convergent for 
0 


ja| < 1, then 


d(x) = (1—x)*1 ¥ Bxo%x" (jx| <1), (2.3) 
0 


P 
xg'(x) = (l—x)* > EX rka” (jz| < 1). (2.4) 
T 

For any number & used as an index (exponent) and such that k > 1, 
we write k’ k/(k—1), so that k and k’ are conjugate indices in the 

sense of Hélder’s inequality. 
We use A(d,c,...) to denote a positive constant depending only on 
¢,..., not necessarily the same on any two occurrences. Inequalities 


b, 
of the form L < A(b,c,...)R 


are to be interpreted as meaning ‘if the expression R is finite, then the 
expression J is finite and satisfies the inequality’. 


3. We say that a series 5 a, is ‘strongly summable (C,a+1) with 
index k, or summable {C, «},, to the sum s’ if 


> |ox—s|* = o(m) (3.1) 
0 
as m-> .+ We say also that > a, is bounded {C, a}, if 
> on k — O(m) 
0 


as m-» oo. Summability and boundedness {C, «}, have been discussed 
by Winn (21) for k 1, and by Hyslop (13), Chow (2), and the author 
(5) for general k. They are of little interest if k < 1{ ora < —1, and 
accordingly we shall suppose throughout that k > 1 anda > —1. If 
k > 1 and (3.1) holds for some a > —1, we say that > a, is ‘summable 
{C},’, and similarly in the case of boundedness. 

We may also define strong Abel summability, which corresponds to 
summability {C,«}, as summability (A) corresponds to summability 
(C,«). Thus we shall say that > a, is ‘summable {A}, to the sum s’ if 
the series 3 a,2" converges for |x| <1 and its sum-function ¢(z) 

0 


t Summability {C,«}, is more usually called ‘summability [C, «+ 1),’ or ‘sum- 
mability [C;a+1,k]’. The notation used here, however, seems the more con- 
venient. 
¢ For instance, Kuttner (16) has shown that, if 7’ is any regular Toeplitz 
method of summability, then, for any k such that 0 < k < 1, there is a series 


which is not summable (7') but is summable {C, 0},. 
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satisfies the condition 


R 
d(z)—s/* of 1 
(Iz)? ae = o(7-5) 


as R-»1—. We say also that ‘> a, is bounded {A},’ if 
R 
| \k 
SON de = te 


(1—x)? 
0 


1—R 


as R>1—. 

It is evident from Minkowski’s inequality that a series cannot be 
summable {C, «}, or {A}, to two different sums. 

We note in passing that summability {A}, to the sum s is equivalent 
to the condition that = (g(z)_-s/k +0 (C,1) 


as x -> 1—; this follows easily by integration by parts. Moreover, sum- 
mability {C, a}, is evidently equivalent to 
lox—s|*¥ +O (C,1) 
as Nn —> 0. 
The condition (3.1) is easily seent to be equivalent to the condition 


that © it elk) ik 

{mr err = 0(1), (3.2) 
— (n+1)” 

where y is any fixed number such that y > 1. As k - 00 the expression 

on the left of (3.2) tends [ef. (17) 16] to 


sup |ox—s}, 
n2>m 


so that the limiting form of (3.2) as k + o0 is that 

ox—s =o0(l1). 
Thus summability (C,«) may be regarded as the case k = 00 of summa- 
bility {C, a},. 

It is necessary to transform (3.1) into (3.2) in order to obtain a 
reasonable definition of summability {C, a}, for k = oo. If we take the 
(1/k)th power of both sides of (3.1) and make k -> 00, we obtain formally 

sup |o,—8| = o(1), 
ngzm 
and this implies that of = s for all n. 

Similarly, summability (A) may be regarded as the case k = 00 of 
summability {A},. We may also regard boundedness (C, «) and bounded- 
ness (A) as the cases k = 0 of boundedness {C, «}, and boundedness 
{A},, respectively.t 

+ By partial summation. 
t No preliminary transformation such as (3.2) is necessary here. 
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4. We may also consider sums involving the expression 7%. Thus we 
shall say that > a, is ‘summable {C,a},’, where k > 1 and «a > —1, if 
™ 


2 Ital" = 0(m) (4.1) 


as m-> oo. We may also regard the condition 
7 = 0(1) (4.2) 


as the case k = o of summability {C,a},. We say also that } a, is 
‘bounded {C, a},’ if (4.1), or (4.2), holds with the o replaced by O. 


Since —7* is the (n—1)th (C,«) mean of the series ¥ A(na,), the 
0 


summability {C,«}, of Sa, is simply the summability {C,a}, of 
> A(na,,) to the sum 0, and similarly in the case of boundedness. It is 
more convenient, however, to refer to the property (4.1) and the corre- 
sponding O-relation as properties of the original series } a, than as 
properties of the series ¥ A(na,,). 

If (4.1), or (4.2), holds for some k and a, we say that ¥ a,, is ‘summable 
{C},’, and similarly in the case of boundedness. 

The Abel-type property corresponding to summability {C},, which 
we shall call ‘summability {A},’, is that 


0 


R 
[ (1—ayk-|$"(a) | dae = (7 a) (4.3) 


as R + 1—, the case k = o here being that 
(1—2x)¢'(x) = 0 (1) (4.4) 


as x-> 1—. We say also that > a, is ‘bounded {A},’ if (4.3), or (4.4), 
holds with the o replaced by O. It is easy to see that the summability 
{A}, of ¥ a, is equivalent to the summability {A}, of } A(na,) to the 
sum 0. 

I mention here that a different definition of ‘strong Abel summa- 
bility’ has been given by Harington and Hyslop (12).+ Their definition 
is equivalent to summability {A}, as defined above together with 
summability (A). 

I mention also that Boyd and Hyslop (1) have given a definition of 
strong Rieszian summability in the particular case A, = n and have 
proved that this is equivalent to strong Cesaro summability. A different 
definition of strong Rieszian summability, for general A,,, has been given 


+ I am indebted to the referee for this and other references. 
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by Glatfeld (9). It follows from Glatfeld’s Theorem 7 and the result 
of Boyd and Hyslop mentioned above that Glatfeld’s summability 
|R, n, «|* is equivalent to summability {C, a}, for « > —1/k. 


5. In the following theorems I enumerate the various implications 
between summabilities {C, «},, {C,B},, and {A},, and between summa- 
bilities {C, «},, {C,B},, and {A},. We have first a number of elementary 
results which can be collected together as 


TueoreM 1. (i) If Sa, is summable {C,a}, to the sum 8, where 
1<k< wanda > —1, it is summable {C, a}, to s for every r << k. 

(ii) Jf Sa, is summable {A}, to the sum 8s, where 1 <k < ©, tt is 
summable {A}, to s for every r < k. 

(iii) JfO<r<k< amanda > —1, then for any st 


Ir 1s, x) UM 
oa—ai| < [> lon-aitl” < sup loge! (6.1) 
0 


R 
\d(x)—s|* , \“* 
am f ere a 


< sup/4(z)—s| < sup|ox—s|. (5.2) 


(iv) Throughout (i)-(iii) we may replace C by C, A by A (with omission 
of the sum 8), oX—s8 by rx and ¢(x)—s by (1—x)¢’(z). 


The first inequalities in (5.1) and (5.2) are simple consequences of 
Holder’s inequality. The remaining results are either immediate or 


follow from the identity (2.3). 
In the direction of increasing k we have more complicated results. 


THEOREM 2. Suppose that « > —1 and that either 1l<k<r<o@ 
and 8B > a+ l/k—l/rorl=k<cr<omandB>a+l1/k—I1/r. Then 


(i) if Sa, is summable {C, «};, to the sum s, it is summable {C, B}, to a, 
(ii) for any s 


(iii) in (i) and (ii) we may replace C by C, ox—s by rz, and of —s by 78. 


+ These inequalities are, of course, the analogues of (i) and (ii) for boundedness 
{C}, and {A},. 
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THEOREM 3. Suppose that « > —1 and that either k > land B >a+1/k 
ork =1landB >a+1. Then 
(i) if > a, is summable {C, x}, to the sum s, it is summable (C, B) to s, 
(ii) for any s 


sup |o® —s| < A(k, a, B)sup| 


™m 


=, 
m+1 - 
(iii) if ¥ a, is summable {C, «},, 72 = 0(1), 


Yk 
in—ait) 


: iB a l m - Uk 
(iv) — i?mi => ( ,«,B)sup| . Iva ° 


The case r = k = 1 of Theorem 2 is due to Winn (21), while the case 
r = k > 1 is due to Hyslop (13) [see also Chow (2)]. The theorem for 
general k and r was proved by the author in (5) and (6) under the extra 
conditions a > 0 anda > —1/k’, respectively.t The general result may 
be deduced from these special cases by a device due to Chow [see (2), 
Lemmas 2 and 3]. Alternatively, it can be proved directly, and I give 
such a proof in § 7. 

The case k = 1 of Theorem 3 is trivial. The cases k > 1, «a = 0 and 
k>1, «a> -—I/k’ are due to Kuttner (16) and Hyslop (13), respec- 
tively, while the general result is due to Chow (2). Since the proof is 
short and Chow’s paper is not readily available, I give the proof of 
this also (see § 8). 

There is also a theorem connecting summability {C, «}, with summa- 
bility {A},, and summability {C, «}, with summability {A},. 

THEOREM 4, Suppose that] <k < wanda >—1. Then 


(i) if Sa, is summable {C, «}, to the sum s, it is summable {A}, to s 
for every t, 

(ii) if > a, is swummable {C, «},, it is summable {A}, for every t. 

This, however, is immediate. By Theorem 3, summability {C}, im- 
plies summability (C) and so summability (A), and this in turn implies 
summability {A}, for every ¢ (Theorem 1). This proves (i), and (ii) 
follows from (i) applied to ¥ A(na,). 

We have also the following convexity theorem. 

THEOREM 5. Suppose that! << k < manda >—1. Then 


(i) if > a, is bounded {C, «}, and summable {C}, (or summable (C)t) 
to the sum 8, it is summable {C, 8}, to s for every B > «, 


+ The case « > —1/k is also contained in results of Glatfeld (9). 
¢t By Theorems 1 and 3, > a, is summable {C}, if and only if it is summable (C). 
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(ii) if Sa, is bounded {C,«}, and summable {C},, it is summable 
{C, B}, for every B > a. 

The case k = 00 of (i) is a well-known theorem in the theory of 
ordinary Cesaro summability [see Kogbetliantz (15) 24]. The case 
k = 1 is due to Winn (21), while the general case is stated by Chow 
(3)+ with the remark that it can be proved by an argument similar to 
Winn’s. I give in § 9 an alternative argument which, although similar 
in principle to that of Winn, is considerably simpler in detail. 


There are no implications between summabilities {C, «},, {C, 8},, and 
{A},, and between summabilities {C,a},, {C,B},, and {A}, other than 
those contained, explicitly or implicitly, in Theorems 1-4. The proofs 
of the various negative results required to establish this are given in 
§ 12. 


6. We pass next to implications between different types of strong 
summability. We have first the following result [Hyslop (13), Chow (2)]. 

THEOREM 6. Suppose that 1 <k<awanda>-—l. Then, if >a, 
is summable {C, a}, to some 8, it is summable {C, «+ 1},. 

The corresponding Abel-type theorem is false, and in fact summa- 
bility {A}, does not imply summability {A}, for any k and r (+00 in- 
cluded). Moreover, the converse of Theorem 6 is false: summability 
{C, a}, or {A}, does not imply summability {C, 8}, or {A}, for any k, r, 
a, and 8. These negative results are proved in § 13. 

Summability and boundedness {C}, are Tauberian conditions for 
summability {C},, and this fact gives rise to a number of results. Thus 
we have 

THEOREM 7. Suppose that] <k<aoanda>-—1l. Then, if a, 
is summable {C}, to the sum s, or summable (C) to 8, and is summable 
{O,a+1},, then it is summable. {C, a}, to 8. 

Theorem 7 is only of ‘o’ depth, the corresponding ‘O’ result being 

THEOREM 8. Suppose that] << k <a anda>-—1. Then, if Sa, 
is summable {C}, to the sum s, or summable (C) to s, and is bounded 
{C,«+1},, it is summable {C, B}, to 8 for every B > «. 

The cases k = 00 of Theorems 6-8 are, of course, well-known results 
in the theory of ordinary Cesaro summability [see Kogbetliantz (15) 
15, 30, 31]. 

We note as a particular consequence of Theorem 7 that, if > a, is 

+ I am indebted to Dr. L. 8. Bosanquet for this information. 
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summable {C}, and summable {C,a},, then it is summable (C,.«). 
Further, by Theorem 8, if > a,, is summable {C}, and bounded {C, a},, 
where k > 1, then it is summable (C, «), while, if k = 1, it is summable 
{C, a}, for every finite r. The following theorem gives the Abel analogue 


of these results. 

THEoreM 9. (i) If > a, is summable {A}, to 8s, and is also summable 
{A},, where k > 1, then it is summable (A) to s. 

(ii) If Sa, is summable {A}, to 8, and is also bounded {A},, where 
k > 1, then it is summable (A) to s. 

(iii) If $ a, is summable {A}, to 8, and is also bounded {A},, then it is 
summable {A}, to s for every finite r. 

We have also generalizations of the ‘o’ and ‘O’ Tauberian theorems 
for summability (A). 

THEOREM 10. Suppose that! <k <aoanda>-—1l. Then, if Sa, 
is summable {A}, to the sum 8, and is also summable {C,a-+-1},, it is 
summable {C, «};, to 8. 

THEOREM 11. Suppose that! << k <amanda>—l. Then, if >a, 
is summable {A}, to the sum s, and is either bounded {C, «}, or {C,a+1},, 
it is summable {C, 8}, to s for every B > a. 

Theorems 10 and 11 are, of course, stronger than Theorems 7 and 8, 
respectively, and, as before, the cases k = oo are well known [see 
Kogbetliantz (15) 38-40]. Further, Theorem 10 can be deduced from 
Theorem 11, but the former is much more elementary than Theorem 11. 
The case k < c of Theorem 10 has been proved by the author in (7), 
and I give here an alternative proof. Both theorems generalize a 
Tauberian theorem of the author (5). 

We note also the inequality form of Theorems 10 and 11. 


THEOREM 12. Suppose that! << k< woanda > —1. Then 


1< Uk 1 Wk 
f —— > aki <x A(k, a) > fee 
sup. 7 : o* < A( sup j . ute of. 


+ A(k)su 1—R r \o(x)|" dx ‘s 
$s ral ¥ ie, é 
0 
Theorem 12 can be proved by an argument similar to that of 
Theorem 10. There is also an alternative, given in (7). 
I give the proof of Theorem 9 in § 10, and the proofs of the remaining 
results of this paragraphf in § 11. 
t Always for k < o. 
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7. We pass now to the proofs of the results stated in the preceding 
paragraphs, viz. Theorem 2, the case k > 1 of Theorem 3, the cases 
k < & of Theorems 5-11, and the various negative results mentioned 


in § 5 and § 6. 
We begin with the proof of Theorem 2, and for this we require the 
following lemmas. 
n 
Lemma 1. Let p <1, let s, > 0, t, = (n+1) 3 8, and t = supt,,. 
0 
Then . 
> (v+1)-#8, < A(u)(n+1)Pt. 


v=0 


If also t,, = 0(1) as n > «, then 
¥ (v-+1)-¥s, = 0(n!-#). 
v=0 


This follows immediately from a partial summation. 
Lemma 2. Lett l <k<r<ow,8= 1/k—l/r, c, > 0, and 
C, = > (n—v)P-1e,. 


Then {¥ Cn} < Alk, rf > on}. 


This is a well-known inequality given by Hardy, Littlewood, and 
Polya (11). 

Consider now the proof of Theorem 2. We may evidently restrict 
ourselves to (i) and (ii), and in these we may evidently suppose that 
s = 0. We then have to prove that 


vp S oat)" < Atk, 8)sup| . > roar", (7.1) 
m \m-+-1 ; : m m+-1 ; ee 


and that > |o/#=o(m) implies > |oz+®\" = o(m), (7.2) 
0 0 


where « > —1 and either (a2) 1 <k<r<o and 8 > I/k—I/r, or 
()1<k<r<qmand $= I1/k—I1/r. 

Consider the case (a), and let us suppose first that k >1. Let 8 
denote the supremum on the right of (7.1), and let A, u, 7 be numbers 
depending on k, r, «, 8, to be chosen later, such that 


A< 1k’, O0<yn<1, &(8—1\(1—yn) >—-1, O<p<l. 
Write also B for a constant depending on some or all of k, r, a, 5. 
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We observe now that 


x a <_ —a-8 . | 5- a! 
jou +8) BA 2, E8-1 E* o%| < B(n+1) 2, (n+1—v) 1(v+1)*|o%| 


= B(n+1)- a8 DH n+1 —y)6- In(y+ 1) x+A+uer— eyler) | | |*Ir} x 
x {( (n+1—v)®- 1X1—M(y+1)- MM (vp+1)- # | | }r—kiKer) 
Applying Hélder’s inequality with indices r, k’, kr/(r—k), we get 
Le r 
lgrt8) < B(n+1)-*>| > (n+ l —v)fB—Wn(y 4. 1 )larrA+alk)-x |} V - 


n k"8-1 1-n) . ~k’A Uk’ n ™ k 
x { > (n+1—v)* (0-1X1—M)(y-+- 1) {¥ +1) Ploy | 
v=0 


na 
+ 
\y =0 


(7.3) 


where the last factor on the right is to be omitted if r= k. Using 
Lemma | we obtain immediately 


n 
jont | < BSt-Hr(n + IY S (m+ 1—vyO-ImGy-+ Lyra enlld-x oie], 


where 
t= —a—8+(1—p)(r—B) (er) + (8—1)(1—n) A+ 1k’. 


Write now p = r(’—1)n, q = r(at+A+p/k), 


so that rf = p»—p—q—1. Then, for n < m, we have 


n 
jaxt8\r < BSt-*(n+-1)4-P-a-1 ¥ (n+ 1—v)?(v+ 1)2-# oF |* 
v=0 


n 
< BSt-*(m+1)4(n+1)-?-4 ¥ (n+ 1—v)?(v+ 1)-# |o2 |* 
v=0 
Hence, for m > 0, 


m m 
> loxt8\r < BSt-*(m+1) ¥ h,(v+1)-# \o2 |, 
v=0 


n=0 


2v—1 


th, = => (n+1—v)?(n+1)?41 < == 2+ > 


n=2v 


< Biv+1)?-1 x (n-+-1—vP +B (n+1)- q-1< Biv+1)-, 


n=v 


provided that p > —1 and q > 0. Hence 
>a ott bir < < BS’-*( (m+) S41)" B\o%|*, 


and (7.1) and (7.2) now follow from Lemma 1. 
It remains to show that A, », 7 can be chosen to satisfy the various 
conditions imposed. Choose 7 so that rn = k’(l—7n), i.e. so that 
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7 = k'/(r+k’). Then 0 < » < 1, and 
s 8 es 1 1 
= ee ee ee el a eee 
he (+5) 7 CE (—*) 
Since also «a > —1, we may choose A and p such that 
A<1/k’, O<p<l, atA+p/k>0. 
Then g > 0, and all the required conditions are satisfied. 
This proves case (a) when k > 1. A similar argument applies when 
k = 1: we take A = 0, n» = 1 and omit the last factor but one in (7.3). 


We turn now to case (b). We have first 
o* 
jox+8 < ga > Es- =} Bsloo|+ pass > Ext Ey lor + Fhe te n 


O<v<in insv<n 
=P,+Q,+R,, say. 
Hence, by Minkowski’s inequality, it is enough to prove that, if W, is 
any one of P,, Q,, R,,, then 


up 12 ws) F < Bowl > ea) (7.4) 


and 3 |ox|* = o(m) implies 3 Wi, = o(m). (7.5) 


n=0 
B B 
Here < real > Ey \or| < S Ravi S E¥\oF |; 
nn O<v<sin v=0 


and applying the arguments of case (a) (with 5 = 1) to the expression 
on the right we see easily that (7.4) and (7.5) are satisfied when W, = P,. 


Also 
(5 Re}™ < BLS (nt1)oar|” < BF (n+1)-joa\4)™, 
0 0 0 


and, since ki = 1—k/r <1, it follows from Lemma 1 that R, also 


satisfies (7.4) and (7.5). 
Write now 


= (n+1)>|o%| (n<m), ¢,=0 (n>™m), 
C, = > (n—v)*"¢,. 


Then Q,, < BC,, whence, by haan 2, 
S orl Sor \ Ue m ajuk py & ‘ ua 
[3 an} < BZ ca)” < Bl Zeal — Bl F entry meg]. 


Applying Lemma | once again, we obtain (7.4) and (7.5) with W, = Q,, 
and this completes the proof. 
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8. Consider next the case k > 1 of Theorem 3. Here also we may 
restrict ourselves to the o-results and here again we may suppose that 
s = 0. Since 


x+8ik 1 - 
ot {agen >, BEL Bret 


BS-1)k Es\*- a 


n~-v 


provided that 5 > 1/k, and since « > —1, the required result follows 


immediately from Lemma 1. 


9. We turn next to the case k < © of Theorem 5. We prove first 
the following lemma. (The argument used is a modification of one used 
by Mr. A. E. Ingham in his lectures to prove the case k = ©.) 


Lemma 3. Suppose that 1 <k<aoanda > —1. Then, if ¥a, is 
bounded {C, «}, and summable {C,«+1}, to the sum 0, it is summable 
{C,«+5}, to 0 for every 8 > 

By Theorem 2, we may suppose that 0 < 6 < 1/k. For any integer 
p > 0 we have (formally) 

. * 1 1 
Rad , + x + 
DAtra = DS Afar’+(l—z) > Astte’+ Astle 
v=0 v=p+l1 v=0 
Multiplying by (1—zx)-*, expanding both sides in powers of x and 
equating the coefficients of x", where n > p > 0, we get 


S—-F° nu~—v 


v=p+l1 =o 


nr 
Ast8— S$ B-1424"5 Y B82 Ave pS-3 Acts, 


and so (with » = n—yv in the first sum) 


n—p-l1 
l 


te 71§ — ' 
= Ex+8 b 3 Ei * ES -2% Sn—pt 


w= 
p-l1 Fé 5 Esto Zs 


8-2 Pat lgrti 4 
Ex+ > Ey y BY % | "pats 
= U+V+W, say. 
Now let @ be a fixed number such that 0 < 6 < }, let g, = [6n], and 
let p == p, = n—q,, 80 that U, V, W are functions of n, say U,, V,, W,. 
If, in addition, n > 1/0, then clearly n > p > 0. 
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In U,, we have 0<p<¢q,—1 <6, 
so that 


iy } ] Me - ’ \o® 
Wal < pars >, BES, los—pl< Aled) > BEES, |o5_, I. 


nm O0<p<On 0<p<On 


Let s LS jozt\" 
now = su . 
UPI > oer 


Then, by Minkowski’s inequality and Lemma 1, 
\U,,|* < A(k, «, 8) > ( B3-1p 58 jon_,|}" 
n=0 Sp < 


ni — 


<All, a,8){ p 3 En ( > (E,*,)* 0% -al*)}" 


0<p<Om pld<ns m 


1/0<n<m 


< Atk, a 8){ SBE} S tay iog i] 
< A(k, «x, 5)S*0*®(m+1) 
(since k5 < 1), the constant being independent of @. 
In V, we have On <q,+1 < n—v <n. 


If then k > 1, Hélder’s inequality “tine 
V,, \JF< (E2+5)- «(Smet aie)" * PS (B30 ona} 


om O(n-*a-*- 1) o(ni+ka+k) —_ o(1), 


and so > (|V,\* = o(m). 
1/e<n<m 


On the other hand, if k = 1, 
V,, = O(n-2-2"S" Ba+4\o3+1|) = O(n-2-*) o(n*4) = 0 (1), 
v=0 


so that (9.1) holds for all k > 1 
We have also W,,| < A(a, 8,6) \oF**}. 
Since 0 < @ < }, there are at most two successive values of n for which 


Pn remains constant. Hence 
m 

\W,,|* < A(k, «,8,0) > \o2+2|* = 0(m). 
0 


1/0<n<m 
It follows now by Minkowski’s inequality that 


1k 
lim sup i p eat < A(k, «,8)S@. (9.2) 


Since @ can be as small as we please, it follows that the limit superior 
on the left of (9.2) is 0, and this is the required result. 
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Consider now the proof of Theorem 5 (for k < 00, of course). We 
may restrict ourselves once again to the o-results and may again suppose 
that s = 0. If ¥ a, is summable {C},, it is summable {C, «+-y}, for some 
integer y [Theorem 2(i)]. If also it is bounded {C, «},, then it is bounded 
{C, 8}, for every 8 > a [Theorem 2(ii)], and the result of the theorem 
now follows by repeated use of Lemma 3. 


10. We consider next Theorem 9. We observe first that ¢(x)—s 
vanishes at only a finite number of points in 0 < x < R < 1 (since ¢ 
is a power series), so that |¢(x)—s| is differentiable in (0, R) except at 
a finite number of points. Hence, by — by parts, we have 


i b()—s|* )—a|* \p(x)—8 Fie) —ait 1d 
~(l—z)?- ail i= l—z “|'—k - —-o a 4) ae 
(10.1) 


for any k > 1. Since 
d) d ? 
+ \$(2)—0 < me = |¢'(2) 
whenever the left-hand side exists, (10.1) gives 


Is.R)—ai* < (1 R)ig(0}—aI+ 


+(1—R) [ |s(2)—s! Y de+(1 mf oft ED ae. (10.2) 


| i Tae x) 


It follows immediately from this last result that, if > a, is summable 
{A}, to s and summable {A},, then it is summable (A) to s. It follows 
also that, if it is summable {A}, to s and bounded {A},, then it is 
bounded (A), and this together with summability {A}, implies summa- 
7 {A}, for every finite r, for, if 1 <r < o, 


F ibtz)—al" ap — a 
a — dx c {SUP \p(x) —8| ft — ‘de = 0(;" 5] 


It remains to be shown that, if 1 < k < 0, then summability {A}, 
and boundedness {A}, together imply summability (A). By Hdélder’s 
inequality, we have 


\p(x)— oes 


Yk 


i ae } ‘[o—m fa—arspreynas : 
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and the expression on the right is o(1) if > a, is summable {A}, and 
bounded {A},. Combining this with (10.2) we obtain the desired result. 


11. We can now prove the remaining results of § 6 (always for k < 00). 
To prove Theorems 6 and 7 we note that, if > a,, is summable {C, «+1},, 
then a necessary and sufficient condition that it should be summable 
{C, a}, is that it be summable {C,«+1},: this is a simple consequence 
of the identity (2.2) and Minkowski’s inequality. Theorem 6 follows 
immediately from this remark and the case k = r of Theorem 2(i), 
while Theorem 7 follows by repeated use of this together with the cases 
k = r of Theorem 2 (i) and (iii). 

To prove Theorem 8 we observe that, if 5 a, is summable {C},, then 
it is summable {C}, [Theorem 6]. If also it is bounded {C, «+ 1},, then 
it is summable {C, 8}, for every 8 > a+1 [Theorem 5], and Theorem 8 
follows from this and Theorem 7. 

To prove Theorems 10 and 11, it is enough, by Theorems 7 and 8, 
to show that the hypotheses imply summability (C). If > a, is sum- 
mable {C,«+1},, it is summable {A},. If also it is summable {A},, it 
is summable (A), by Theorem 9(i). Since summability {C,«a+1}, also 
implies that 72 = 0(1) for some £, and since this together with summa- 
bility (A) implies summability (C),t Theorem 10 now follows. 

In the proof of Theorem 11 it is enough (by the analogue of Theorem 
6 for ‘boundedness’) to deal with the case in which Sa, is bounded 
{C, a+1},. Then it is bounded {A},. If also it is summable {A}, and 
k> 1, it is summable (A), by Theorem 9(ii). Since boundedness 
{C, ~+1}, also implies that 72 = O(1) for some 8, and since this together 
with summability (A) implies summability (C),{ this proves the case 
k > 1 of the theorem. If k = 1, then we have summability {A}, for 
every finite r. Since boundedness {C,a+1}, implies boundedness {C}, 
for every finite r [Theorem 2 (iii)], and so also boundedness {A},, the 
case k = 1 follows from the case k > 1. This completes the proof. 


12. We prove next the negative results mentioned in § 5. It is evident 
that the results for summabilities {C}, and {A}, imply those for summa- 
bilities {C}, and {A},, and we may therefore restrict ourselves to the 
former. We have then to prove seven results and we take these in turn. 

(a) Summability {C, «}, does not imply summability {C, 8}, for l<r<qk 
and —1<B<a. Let B<A<a, and take a, = (—1)"HA.§ Then 

+ This is, of course, the case k = o0 of Theorem 10, which we take as known. 


t This is the case k = o of Theorem 11. 
§ This example is due to Glatfeld (9). 


3695 2.10 K 
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[ef. (10) 138] o% > 2-4-1 as n > «~, while 
(—1)"of ~ 2-1 BM ER ~ A(B,A)n?-8, 
so that > a,, is summable {C, a}, to the sum 2~*-1, but is not summable 


{C, B},. 

(6) Summability {C, «}, does not imply summability {C, B}, for 1 <r < 00 
and —1 <8 <a+l1—l/r. By Theorems 2, 3, 7, it is enough to prove 
that summability {C,a}, does not imply summability {C,«a+2—1/r}, 


for l<r<o. 
Write 1, = 2”, and take 72+? = pl, if n=1, (p = 1,2,...), and 
7x+1 — 0 otherwise. Then 


¥ nti] = Fp? < +0, 
T T 
so that Sa, is summable |C,«+1|. Hence >a, is both summable 


(C,a+1) and summable {C,a+1},, so that, by Theorem 7, it is sum- 


mable {C, a}, [cef. § 14]. 
On the other hand, if n =1,+t, where 0 <¢ <1,, and if v=1,, 


then Exe pov 72+ 
2-1, 
Exar 


whence, for such n, 


1 
> A(r, a)(t-+1)-Vbrp-®, 





1 BR ial 
7ati-lUr — pair > Eyre Rest! > A(r,a)(t+1)-YR"p-. 
v=1 


Hence 


L l 
lnx+2-Ur lr > A(r,a)p-*l, ¥ (t+1)-! > A(r, a)p*l, logl 
Pp E 4 Pp 7 Z Pp 


n=lp 


> A(r,a)p-*27l, > A(r,a)l,, 
so that > a,, is not summable {C, «+2—1/r} for r > 1. 
(c) Summability {C, a}, does not imply summability {C, B}, for 
l<k<r<o@ and —1<B < a+I1/k—1/r. 
This is an immediate consequence of Theorem 3 and (d). 

(d) Summability {C, «},,does not imply summability (C, B) for 1 << k <0 
and —1<B<a+l1/k.t It is evidently enough to show that summa- 
bility {C,a}, does not imply summability (C,«+1/k) fork >1. Let 
1<A< k, let 

=| = a if 2-—p<n< 2 
"~ (log log p(2” —n+ 2)log*(2? —n-+ 2) gers oon 
+ This is stated without proof by Kuttner (16) in the case a = 0. 
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where p runs through all integral values for which loglog p > 1, and let 
ox = 0 otherwise. It is easy to see that > a, is summable {C, a},. On 


the other hand, if m = 2%, 


oftlk > l S Euk- 1£%q* > A(k) » _ " 
? Se Me = (loglog N)"* 2, slog*s 
and this last expression tends to 00 with N since A/k < 1. 
(e) Summability {C, a}, does not imply summability (C,B) for 
—1<B<a+lL.t 
Here we have only to take ox = 2”/logp if n = 2” (p = 2,3,...) and 0 
otherwise, and argue as in (d). 
(f) Summability {A}, does not imply summability {C, 8}, for any k, r, 
and 8. This is a consequence of Theorem 4 and (9). 
(g) Summability {A}, does not imply summability {A}, for 
l<k<r<om. 


We prove here a stronger result which we require later, namely that 


the condition 
pres er dx < 


does not imply that 


R 
P(x)" 1 1 
| fap *= (3) 
forl<k<r<oo. Let d satisfy the conditions A > 1 and 2k/r <A < 2, 
and let a,, be the-nth Taylor coefficient of the function 
d(x) = (1—2x)-* exp{—(1—2)-* sin*(7/(1—z))}. 
Write also p(t) = o(1—1/t) = t* exp(—#* sin®zt). 


Then we have to prove that 


fewo} dt < ©, (12.1) 


1 


T 
and that f Woy at + o(T) (12.2) 
as 7’ > +00. , 
Consider first the proof of (12.1). Inn—4<t<n+4 we have 
sin’rt = sin®*x(t—n) > 4(t—n)?, 
+ This also is stated by Kuttner (16). 
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so that 
t-{yh(t)}* = t-lexp(—kt*sin®xt) < t\—1exp(—4kt*(t—n)*) = x(t), say. 
Choose now « so that 0 < « < 2—A. Then in 
(n—4)-?-©9 < |t—n 
we have (t—n)* > t-4+2e, 
so that ba < t\exp(—4kt*5), 
while in lt—n| < (n—}4)-2-© 


we have x(t) < t-. Hence 


t\—lexp(—4kt*) dt, 
a3 
and (12.1) follows by addition, since A < 
Consider now (12.2). In 
0 < |t—n| < (n+1)-? 
we have sin*rt = sin’x(t—n) < n2(t—n)? < w*t-4, 
so that 
{y(t}? = t/* exp(--rt*sin?xt) > A(r)t** > A(r)(n—1)A, 

Hence, for any integer N > 2, 

N+1 N 

‘ ee (n— 1) \rA/k y , 

ir - Nr lk-1 + oO N 

| {U(t)}" dt > A(r) b. arpr 2 40 + 0(N), 

and this proves (12.2). 


13. There remain now the negative results mentioned in § 6, and 
these are almost trivial. To show that summability {A}, does not imply 
summability {A}, for any k and r, it is sufficient to show that summa- 
bility (A) does not imply summability {A},, and to prove this we have 
only to take ¢(a:) = (1—2x)sin{/(1—2)*}. 

To prove that summability {C, «}, or {A}, does not imply summability 
{C, B}, or {A}, for any k, r, «, 8, it is enough to prove that the relation 
7, = 0(1) does not imply summability {A},. To prove this take 


n 
7, = (logn)-' for n > 2 and r= = 0. Then 


a(x) = (1—2)* ¥ Bx(logn)-'2" ~ A(a)(1 —2)-*(log it 
- — 


so that ¢(x) ~ A(a)log log. 


and > a, is not summable {A},. 
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14. Relations between strong and absolute summabilities. In 
some recent papers (4,7) the author has investigated absolute summa- 
bility with index k. This has similar properties in many respects to 
strong summability with index k,t and it is natural to inquire whether 
there are any relations connecting one with the other. We recall that 
a series 5 a,, is absolutely summable (C,«) with index k, or summable 
|\C,a\,, where k > 1 and a > —1, if the series 

X nk og—o8 |" = Emr 
converges, and that it is summable |A|, if the integral 


1 
J Q—ayk |$'(@) | de 
0 


is finite. The relations 
Tm =o(1) and (l—2z)¢’(x) = o(1) 


may be regarded as the cases k = 00 of these properties, so that summa- 
bility |C,a|,, is identical with summability {C,a«},. and summability 
|A|,, is identical with summability {A}. Summability |C,a|, and 
summability |A|, are, of course, summability |C,a«| and summability 
|A|, respectively. 

It is evident that summability |C,a|, implies summability {C, a}, 
and so also summability {C,}, for all r and appropriate 8. Further, 
summability |A|, implies summability {A}, and so also summability 
{A}, for r < k. On the other hand, we have: 

(i) Summability |A |, does not imply summability {A}, for r > k > 1. 
In the opposite direction we have also 

(ii) Summability {C,«}, or {A}, does not imply summability |C,B|, or 
|A|, for any finite k, r and any «, B. 

Again, it is evident that summability |C,«|, implies summability 
(C,«). Since it also implies summability {C,a},, it follows from 
Theorem 7 that it implies summability {C,«1—1} for a > 0. Further, 
by Theorem 2, summability {C,a}, implies summability {C,f}, for 
l<r<@,a>-—l,and Bf > a+1—1/r. Hence, again by Theorem 7, 
summability |C,a|, implies summability {C,f}, for r > 1 and 
B>a—l/r>—1. It is also evident that summability |A|, implies 
summability (A) and so also summability {A}, for every r. And at the 
other extreme, summability {C,a}, implies summability |C,a+1|,. 

+ Compare (8), equations (5.1) and (5.3), (5.4) and (5.8), (5.11) and (5.13). 

t This disposes of a question left open in (4), namely whether summability 
|A |, implies summability |A|, for 1 < k <r. 
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These, however, are the only implications between these forms of 
summability. More precisely, we have the following results. 

(iii) Summability |\C, «|, or |A|, does not imply summability {C, B}, or 
{A}, for any k > 1 and any r, «, B. 

(iv) Summability |C,a|, does not imply summability {C,B}, for 
l<r<oand —1<B<a-—lI/r. 

(v) Summability {C,«}, does not imply summability |C,B), or |A|, 
for any k, x, B and any finite r. 

(vi) Summability {A}, does not imply summability |C,B|, or |A\, for 
any k, r, B. 

Of the results (i)—(vi), the last follows from a result proved in § 13,+ 
(iv) is proved by the example of § 12(6) with «+1 replaced by a,t and 
(i) is a consequence of the result proved in § 12(g) with (l—2x)¢'(z) in 
place of d(x). To prove (ii), (iii), and (v) it is evidently enough to 
prove the following results. 

(h) Summability {C, «},, does not imply summability |A|\, for any finite 
rand any « > —1. Take r* = (logn)~ for n > 2, and r¥ = 0, where 
0<A< l/r. Then 7% = 0(1), so that ¥ a, is summable {C, g},,. Also, 


as in § 13, -A 


$'(x) ~ A(s,4(1—2)-(log*) 


as x -> 1—, so that (1—a)"-"|$'(x) |" dx 


is divergent, i.e. } a, is not summable |A|,. 

(i) Summability |C, «|, does not imply summability {A}, for any k > 1 
and any «. Take 7, = (logn)~ (n > 2), 7? = O(1/k <A <1). Then 
> a,, is summable |C, «|, and, as in § 13, 


1 1-A 
$iz) ~ Ale, (log i) 


so that > a, is not summable {A},. 
(j) Summability (C, «) does not imply summability |A\, for any « and 
any finite r. Here we require the following lemma: 
Lemma 4. Let a be a positive integer such that a > 2 and let c > 0. 
Let also - 
Uy, = (—1)*(logn)taz", = f(z) = Du, 
2 


+ Since summability |C,8|, implies summability |A|,. 
¢ This result disposes of a further question left open in (4), namely whether 
summability |C,a|, implies summability |C,«a+1—1/r|, for r > 1. 
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so that & is regular in |\z| <1. Then there exist constants K and L, 
depending only on c, such that, if 
a>K, n>UL, exp(—ca) < |z| < exp(—}ca~™), 
then W(z)| > d\uy| > de-*(log n)-ta. 
This is proved by an argument identical with one used by Littlewood 
[(17) § 8.5] in similar circumstances, and I therefore omit the proof. 
Take now a, = 0 and 
. (— 1)Para+) 
Ev log p 
where a is a positive integer which satisfies the conditions of the lemma 
with c= a+1. By (2.1), 


if n = a? (p = 2,3,...) and r% = 0 otherwise, 


™ = 


flog n/log a] fms 1)PaPo 
E*%, log p F 


v=1 
so that o% tends to a limit since a?%/E£%, log p is ultimately decreasing. 
On the other hand, by (2.4), 


xd (x) = (1—ax)* ¥ (—1)>(log p)“1a%a+Dae”, 
p=2 


Writing z = e+, we have now 


1 1 
[ Q—ay|$'(@)r de > A(r) [ 12+41| x(t)" dt = J, say, 
: 0 


e 
2) 


where x(t) = ¥& (—1)P (log p)-1a”**+Vexp(—ta?). 


p=2 
It follows now from Lemma 4 that, for some integer g = q(«), 


J > A(x) ¥ (a-*y™"-log n)-ra"2+D4(a-4 1)a-™ = +00, 
q 


as required. 


15. I mention in conclusion a further property of the series ¥ a,, or 
of ¢(x), which has connexions with absolute summability. 

Let ¢(z) = > a, 2", where z is the complex variable and the series is 
supposed convergent for |z} < 1. Then ¢ is regular in |z| < 1, and the 
mapping w = ¢(z) maps this circle on to a region of the w-plane. The 
integral which enters into the definition of summability |A|,, namely 

1 
f \'@)| de, 
6 
is then simply the length of the image of the radius from z = 0 toz = 1 
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under this mapping, and the summability |A|, of the series > a,, is 
equivalent to the finiteness of this length. 

If we attempt to replace this length by an area, it is natural in this 
context to consider the area of the image, under the mapping w = ¢, 
of a kite-shaped region with its vertex at z = 1, e.g. the region Q(n) 
in |z| < 1 bounded by the more distant arc of the circle |z| = sin 7 
and the tangents drawn to this circle from the point z = 1, where 7 is 
a constant such that 0 < » < 47.t The area of the image of Q is 


If ¢'@? do, (15.1) 
QQ 


where dw is the element of area, and we may therefore consider the 
finiteness of this integral as an analogue of summability |A|,.t The 
presence of the index 2 in this integral suggests that we should associate 
the integral (15.1) with summability |A|, rather than with summability 
|A|,, and this is in fact the case. More generally, we introduce an index 
k: that is to say, we consider the finiteness of the expression 
, Uk 
oe = suln) = | [f 249° @)IH de 
Q(y) 

(Since 1 < |]—z|/(1—|z!) < A(m) in Q, we may replace the factor 
|1—z|*-* by (1—|z|)*-?.) 

If this integral is finite, we shall say that > a, possesses the ‘property 
M(k,n)’. We may also take the relation 

lim (l—z)¢’(z) = 0 
z—1inQ 

to be the case k = o of this property. 

The following theorem shows that the property M(k,7) is inter- 
mediate between summability |C|, and summability |A|,. 


THEOREM 13. Let] <k< oo. Then 


(i) if > a, possesses the property M(k,) for any » > 0, it is summable 
A |x, 
(ii) if > a, is summable |\C |, it possesses the property M(k, n) for every 
n < 4n, 
(iii) ff 1 < k < ©and a > —1, then for any 7 such that 0 <<» <4 
1 


A(k,m) [ (L—2yk-4\g"(a) | dx < a(n) < Ak, a, 0) ¥ n- lrg 
0 1 


+ In dealing with the behaviour of ¢(z) as z + 1 we are normally concerned 
with a path of approach to z = 1 which is non-tangential to |z| = 1. Any given 
path of this type lies in 2 provided that 7 is large enough. 

} The integral (15.1) has been considered by Marcinkiewicz and Zygmund (19) 
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The cases k = oo of (i) and (ii) are trivial. The cases k = 2 of (i) and 
the left-hand half of (iii) are due to Marcinkiewicz and Zygmund (19), 
while the general cases of these have been given by the author (6). 

To prove (ii) (for k < oo) and the right-hand half of (iii),t it is 
evidently enough to prove the latter. We observe that, for some 
constant » depending on 7, 

1 p(l—p) 
sk <[(1—pytpdp  [  |p'(pet|* dt. 
0 —p(l—p) 
Now $' (pe) = (1—pett)® $ Bx 3 ptm, 
1 
so that, in Q(n), 
Ib’ (pett)|k < |1—pet he PE 2 |k pn “)(_5 Bip n- . a 


1 


< A(k, a, 9)(1—p)2*+ S Ba|r3 tpn, 
1 


Since also 
1 pw(l—p) 1 
f (1—p)*-"p" dp | dt = 2p f (1—p)%p" dp < A(a,u)n-*-1, 
6 —p(1—p) 0 
the result now follows. 
We have also the following theorem: 


TueoreM 14. Let l1ok<rcwoand0<p< 7 < fe. Then, if 
> a, possesses the property M(k,n), it possesses the property M(r,p). 


Purther, (yu) < A(kyr,u, 9)%(n) (I< k <r <0) (15.2) 
and = {|1—z||¢"(z)|} < poset (l<k<o). (15.3) 
(p 


The case k = r of (15.2) is evident, while the case k < r follows 
immediately from the case k = r and (15.3). It is therefore enough to 
prove that, if s,(n) is finite, where 1 < k < o0, then (15.3) holds and 
(l—z)f'(z) > 0 as z > 1 in Q(p). 

Let ¢ be a point of Q(z) and let p = K\1—{|, where K = K(p, n) is 
chosen so small that the circle |z—{| < p lies in Q(n) for every { of 
O(n). Since |¢’|* is subharmonic in |z| < 1 [ef. (20) § 1.7], 


7 
, ! 1 , 1 
P'(D)IK< zp { | \p'(f+ Re*)|* R didR. 
0-7 
+ These results may be deduced from various integral representations of the 
series 5 n~'|rs|* given by the author and others. The proof given here, however, 
is much more elementary. 
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Since also the circle |z—{| < p is contained in the region S({) defined 
by = (A= K)|I—8| < J1—2| < (1+ KEI, ze M(n), 

it follows that 


sO << | | 1b —rel tr dra 
™p 
S(o) 
< A(k, p, 7)p~* lf rk-2/4'(1—rei®) kr dr. (15.4) 
S(Q) 
But the integral on the right of (15.4) does not exceed s{(y) and tends 
to 0 as ¢ > 1, and this proves the theorem. 
We note in particular the following corollary which follows at once 
from the main theorem and the left-hand half of Theorem 13 (iii). 


CorotutaRy. If 1 <k <r < o, then, for any n > 0, 
1 Ur 
| [ A—ay tig epi da)” < ACk 1, net. 
0 
We observe also that Theorem 14 and § 14 (v) together show that 
summability |A|, does not imply the property M(r, 7) for any r and 7. 
In conclusion we note that there is a similar analogue of summability 
(A) involving the region Q, in which we replace the property 
lim ¢(x) == 8 


z—1-— 


by the property lim ¢(z) = 8. (15.5) 


z—1ing 


It is easy to see from (2.3) that, if } a, is summable (C), then (15.5) 
holds, so that the property (15.5) is intermediate between summability 
(C) and summability (A). Moreover, for a > —1, 


sup|¢(z)| < A(n, a)sup|oq|. 
2eQ n 


We note also that, if (15.5) holds, then > a, is summable {4}.,., i.e. 
(1—x)¢’(x) > 0 
as x > 1—.+ For 27i¢’(x) is the integral of 


{¢(z)—8}/(z—a)* 
taken round the circle 
lz—a2| = (1—2z)sin , 


+ This remark is due to Littlewood and Paley [(18) 58]. We recall (§ 13) that 
summability (A) does not imply summability {A},. 
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and, since this circle is contained in Q(n), the integral is o(1/(1—z)) as 
x—>1—. Evidently also 


sup{(1—z)|$'(2)|} < A(n)sup|(2)|. 
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WIENER remarks in (3) that the essential part of the proof of an 
O-Tauberian theorem is to convert a result about boundedness into 
one about convergence. In fact it is at this stage of the proof that his 
general Tauberian theorem is normally applied. For a particular o-type 
theorem the convergence result can normally be proved by an argument 
parallel to that which proves the boundedness result. Nevertheless 
I think that there is some interest in a theorem asserting that a o-type 
condition sufficient to ensure boundedness will always ensure con- 
vergence. 
Throughout the paper we shall be concerned with a matrix 


H=[h,;| (1 <i,j < ). 
A sequence (A,,) (n > 1) is summable to a number N if, firstly, for each 
i > 1, the series }, h,; A; converges, to a number which will be written 
(HA),;, and secondly the sequence (HA); converges to N. H is regular 
if every sequence which converges to a number JN is also summable 
to N. I shall assume that H is regular: this is equivalent [see (1) or (2)] 
to assuming that 
(i) 3, \hiy;| <A with K independent of i; 

(ii) h,; > 0 as i> 0, for each j; 

(iii) S,hyy>1 asiroo. 

We shall also consider a fixed sequence (k,,) (n > 1) of real numbers 
k, such that k, > 1. The Tauberian condition, on a sequence (A,,), 
we (i) a, = o(kz), 
where a, = A,, a, = A,—A,_, (n > 1). 

Our final assumption about H and (k,) is that our sequence-to- 


sequence transformation can be rewritten as a series-to-sequence trans- 
formation. More exactly: let 


ly=hy ((>1), yw (t+ >1;2> 1). 


ay, 


We require that, for each i, 


p Liz] < 0, 
Quart. J. Math. Oxford (2) 10 (1959) 140-44. 
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and that (HA); = ¥, 1ja;. 
whenever (i) holds and either (HA), or (La); converges. 

The object of the paper is to prove the theorem: 

THeoreM. Let H and (k,) satisfy the conditions stated above. Suppose 
that the conditions (i) above and 

(ii) (A,,) is summable 
together imply that (A,,) is bounded. Then (i) and (ii) together imply that 
(A,,) is convergent. 

The natural tool for the purpose is the following variant of the 
Banach-Steinhaus Theorem [cf. (1), Chapter V, § 1, Theorems 3, 5]: 

Lemna 1. Let f,, be a sequence of bounded linear functionals on a Banach 
space B. If the sequence f,,(x) is bounded for each x in B and convergent 
for all x in some dense subset B, of B, then it is convergent for all x in B. 

To apply Lemma | to the present situation three further lemmas are 
required. 

Lemma 2. The set B of sequences A = (A,,) (n > 1) satisfying condi- 
tions (i) (with 0 as the limit) and (ii) is a Banach space in the norm 

(iii) ||A||= sup &,|a,|+ sup |(HA),!. 
1<n<@ 1<i<co@ 

Note. It is only in the proof of this lemma that I use the hypothesis 
(which may be superfluous) that the transformation can be expressed 
as a series-to-sequence transformation. 

Proof. It is enough to show that $8 is complete. In fact let (A) 
(m > 1) be a Cauchy sequence; here 

Am = (A) (n> 1). 

Considering the first part of the norm (iii) we see that there is a sequence 
A = (A,) (n > 1) such that lim a&” = a, (uniformly in n). Hence, for 
each i, (HA™), = FL,” 
converges to >, lisa; = (HA);. 
Considering the second part of the norm (iii) we see that the con- 
vergence is uniform in i. Clearly A = (A,) satisfies conditions (i) and 
(ii) and is the limit of A™ in the norm (iii). 

Lemma 3. Each of the linear functionals f,(A) = A, is bounded. 

Proof. Consider the first part of the norm (iii): this gives 


\fa(A)| < |All Se. 
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Definition. A = (A,,) (n > 1) will be called a trivial sequence if 
A,, = 0 for all n sufficiently large. 

Lemma 4. Let H be a regular matrix. Let A = (A,,) be bounded, and 


summable (H) to 0. Let > kz* be a divergent series of positive numbers. 
Then for each positive « and any integer J there is a trivial sequence A’ 


such that 

(=) 4A,=A, (1 <2 < J); 

(6) A, =1,A, (0 <1, <1; all n); 

(c) Jan) < ja, |-+4e/k, (all n); 

(d) sup | \((HA);,—(HA’);| <e. 

Proof. For each i there are integers j,, j, (not uniquely determined) 
such that 


& thal 3 thal < gees ray (A) 


We can assume Pn jp jg > a8 i>oo. All this follows from the 
regularity of H. I call hj; insignificant if j < j,(i) or j > jq(t). 
Let J, be an integer such that 
(HA),| =| 3 hy A, < te, (B) 


fori > i,. Let J, be an integer greater than J and also large enough 


for h,; to be insignificant if i < J, andj >J). Put 
l,=1 (l<n<dh). (C) 


Define $ = </(3sup 5 hy| sup \A;)). 


Now consider successive positive integers m, defining integers J,, and 
J,, and the numbers 1, (J,,_, << < J,,) as follows. 

If 1—méd > 0 and the integer J,,_, is defined, let J,, be large enough 
for h,; to be insignificant if j < J,,_, andi > [,. Let J,, be large enough 
for . to be insignificant if i < I, and j > J,, and for 


Ss 3k,, sup | p|A, 


Intl 
to be at least 5. Then /,, can be made to decrease from 1—(m—1)5 at 
n = J,_, to 1—mé at n = J,, by differences of at most ¢/(3k,, sup |A,|). 

For the integer m = M for which 1—md < 0 < 1—(m—1)6 the 
words ‘to 1—mé’ in the above paragraph should be replaced by the 
words ‘to 0’. Put 1, = 0 (n >Jy). No values of m greater than M 
need be considered. 
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Now define A’, = 1, A,. Clearly A’ is a trivial sequence, and (a) and 
(6) are satisfied. We shall have 
la, | ii \AA,,-1! - IZ, AA,_, +A, 4l,_,| < la,,|+he/k,,, 


proving (c). 
For 1 <i < hj, the definition of J, shows that 


|S Ay4,—4j)| = | 2s hj1—l)A,] <3, Mh IAs < te <e 


For L,, <i <I,4, (0 <m < M), where we interpret J,,, and Jy; 
as 00, we have 


| > hiy(A;—A})| = | Shy), 


< | Eajmea+|($" + F )aga—md—1pa + 


m+ 


Jmii-1 
+ 1st —mb—I)Ay] 
oo Jm—1 0 Im+1 
[Sau Alt( + > )lhl-lAsl +8 Styl 1Ayl 
fe+de+he =e, 


< 
< 
by (A) and (B). 

This proves (d), completing the proof of Lemma 4. 

Proof of the theorem. Consider any sequence A satisfying the condi- 
tions (i) and (ii) of the theorem. Since the transformation is regular, 
it will be sufficient to consider the case where A, is summable to 0 
and to show that A,, is convergent to 0; and, since the theorem is trivial 
if ¥ kz" converges, I will assume that it diverges. We apply Lemma 1 
with 8 and f, as in Lemmas 2 and 3; %, will be the set of trivial 
sequences. Given A, by (ii) we can choose J such that 

k,\a,| << te (n> J). 
Apply Lemma 4, using this J. For the sequence A’ given by the lemma 
we havet 
|A—A’||= sup k,\a,—a,|+sup|(HA),—(HA’),| 
1<n<o i 


< sup (k, ja, |+k,, \a|)+sup| > h,;(A;—A))| 
< 


so that 8, is dense. Thus, by Lemma 1, f,(A) = A, is convergent. 


+ It is here alone that the fact that (ii) is a o-condition rather than a O-condition 
is used. 
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Second Proof. We can dispense with Lemma 3, and use the ‘closed 
graph’ theorem [(1), Ch. III § 3 Th. 5] in place of the Banach-Stein- 
haus theorem if we observe that 8 is also complete in the norm 

(iv) sup k,, |a,,|+sup|A,|. 
This follows from the fact that H is regular. 

Since the norm (iii) is less than the norm (iv), the two must be 
equivalent. Thus (by Lemma 4, applied as in the first proof) any A in 
% can be approximated to—in the norm (iii), hence in the norm (iv), 
hence uniformly—by elements A’ for which A}, converges. Thus A, 


must converge. 
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INTEGRABLE-SQUARE SOLUTIONS OF 
ORDINARY DIFFERENTIAL EQUATIONS 
By W. N. EVERITT (Shrivenham) 

[Received 4 February 1958] 


1. THE purpose of this note is to prove a theorem giving the minimal 
number of integrable-square solutions of ordinary, self-adjoint, linear 
differential equations with one singular point. Such theorems have so 
far been given only for real-valued differential operators of even order. 
The first such theorem, for the second-order case, was given by Hermann 
Wey] [see (2)], a proof of which may also be found in the book by 
E. C. Titchmarsh on eigenfunction theory [(1) Chapter II]. The general 
even-order case, for real-valued equations, has been discussed by 
K. Kodaira in (4). 

The theorem given here applies to all possible forms of self-adjoint 
differential operators, of odd or even order, real or complex-valued. 
The result obtained is best-possible. The method of proof uses the 
limit properties of sequences of Gram matrices, given by the author 
in (6), and does not depend on the use of the ‘singular surfaces’ as 
discussed in (1), (2), and (4). However, the resulting theorem is one of 
existence only and gives no further information about the nature of 
these integrable solutions. In a Jater note it is hoped that certain other 
properties of these solutions will be given. 


2. As far as possible the notations used in the book on ordinary 
differential eqrations by E. A. Coddington and N. Levinson (3) will 
be adopted here. 

The symbol L,, will be used to denote a differential operator of order 
n(n > 1). We shall be concerned with operators defined over the half- 
line 0 < x < oof which are regular over every closed interval [0, X] 
(X > 0), ie., if y(z) possesses n differential coefficients, thent 

Lypy = Ap(x)y +a, (x)yY" +... +an(z)y, (2.1) 
where the n+ 1 functions a,(x) (0 < r < n), complex-valued in general, 
are continuous in [0, X] and 

a(z) 40 (0<2<X) (2.2) 

+ The origin is chosen as the left-hand end-point merely for convenience. 

} The symbol y” will denote the rth differential coefficient of y with respect 
to z, including the case r = 1, 

Quart. J. Math. Oxford (2) 10 (1959), 145-55. 
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for all X > 0. Thus over the half-line the operator L,, has one singular 
point, at infinity. 

The results obtained would hold equally well in the case when Z,, is 
defined over the finite interval [0,a) (say) with a singularity at z = a. 

The differential operator adjoint to L, above is denoted by LZ; and 
[see (3) 84] defined ast 

Lf y = (—1)"{aiglx)y}™ + (— 1)" (ay +... +4, (x)y; (2.3) 

this definition clearly demands further differential properties of the 


functions a,(x) which are assumed to hold. 
All the operators in this note are taken to be self-adjoint, i.e. 


L,=Lt (0<2< ©). (2.4) 
In this case L,, takes the canonical form [see (3) 204 Exercise 14] 
Lay =: I" Gol ---{4o(Jo y)P}™... JP +0" ..-f9a (qi YP}... JO +... + 
+0°Gp—2{9n—2(In-2 YFP +n Gn-1 YY +n Ys (2.5) 
where the functions q,(x) satisfy the following conditions, for 0 <r <n 
and 0 < z < o: 
(i) q, is differentiable at least r times, 
(ii) (q,)"*!~ is real-valued, 
(ili) a(x) = i"{qo(x)}"*. (2.6) 
From the hypothesis (2.2) and the condition (2.6) it follows that 
q(x) is non-vanishing, and, since, from (ii) above, gj+! is real-valued, 
it may be supposed, without loss of generality, that 
{q(z)}"t>0 (0<24r< @). 
This note is concerned with the differential equation 
L,y=Aay (0<2%< @), 
where A is a complex-valued parameter (A = u+iv). 
A function f(x) is said to be of ‘integrable-square over [0,00)’ or 
‘to belong to L{0,0)’ if , 
lf |dx < a. 
é 
3. The following theorem can now be stated: 
THEOREM. Let L,, be a linear, self-adjoint differential operator of order 
n, defined over the half-line 0 <x < 0 and regular over [0,X] for all 
X > 0. For any value of the complex parameter X let S(A) denote the 


+ A bar denotes the complex conjugate. 
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maximum number of linearly independent solutions of the differential 
equation Ley=dAay (0<4<@w,A=u+iv) (2.8) 
which are of integrable-square over [0, 0). 

If n is even, say n = 2v(v > 1), then, for all X such that v = imA+ 0, 
S(A) > v. (3.1) 
If n is odd, say n = 2v--1 (v > 1), then 
either (i) for all strictly complex values of A 
S() >v—-1 if v>O, 
S(A) >v if v< 0; 
or (ii) for all strictly complex values of X 
S(A) >v if v>Od, 
SA) >v—-1 if v< 0. (3.3) 
The above inequalities for S(A) are best-possible. 


Notes on the above theorem. It will be shown later that, in the case 
when n is odd, the inequalities (3.2) hold if the condition (2.7) is satis- 
fied. If the sign convention of (2.7) is reversed, (3.3) holds instead 
of (3.2). Examples serve to show that the above results do not hold if 
A is real; in fact, when this is the case, S(A) can be zero (see § 14). 

The following sections contain the proof of this theorem. The main 
idea of the proof is to obtain information about the characteristic roots 
of the Gram matrix of a fundamental system of solutions of the 
differential equation. For this the following lemmas are required. 


4. Let a, (1 <r <n) be any set of constant complex numbers, not 
all zero. Let ¢(x,A) be that solution of the differential equation (2.8) 
which satisfies the following initial conditions at the origin, 

[¢"-%(z,A)],-9 =~ (l<r<cn). 
The well-known existence theorems tell us that ¢(z,A) exists uniquely 
and is not identically zero [see (3) Chapter 3]; this result will be used 
in future without explicit mention. 


5. For any square matrix of order n the standard notation will be 
[a,,| (say), where r indicates rows and s columns. The well-known 
theorems of matrix theory required in this note will be found in the 


book by L. Mirsky (5). 
Let ¢,(x) (1 <8 < n) be any system of n functions all possessing n—1 
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differential coefficients. The symbol ®(x) will denote the matrix 
[d-Y(x)| (1 <r, 8 <n), and the following notation will be used for the 
Wronskian of the system {¢,} 

W (4, $o,---.$,)(2) = det (zx). (5.1) 
The well-known properties of W for a system of solutions of (2.8) will 
be assumed [see (3) Chapter 3]. 


6. The Green’s formula for the operator ZL, and a suitable pair of 
functions u(x) and v(x) [see (3) 86] is 
f {6L,, u—uL,, v} dx = [uv|(x,)—[uv](z,) (0 <a, <a, < 0), 


v1 


(6.1) 
where [uv] is given explicitly by 
[wely= SS (-1Pura,_,, 6)” 
m=1 p+q=m-l1 
pz0g20 : 
and the a,(x) are given in (2.1). 
If the form [wv] is written as 
[we|(x) = $ s B,,(x)u®-)(x)6°-(x), 
r=1 s=1 
then it can be shown, from (6.2), that, for x > 0, 
B(x) = 90 if r+s>n+l, 
B(x) = (—1y1a,(x) if r+s=n+1. (6.4) 
Since L,, is self-adjoint, it is also known [see (3) 102 Exercise 25] 
that the matrix B(x) = [B,,(x)] is skew-hermitian, i.e.t 
B*=—B (0<2< ©). 
This implies that 
[uv|(xz) = —[vu|(z) (0<24< ow), 
so that, in particular, [wu] is always a pure imaginary. 
It is clear from (6.4) that 
det B(x) = (a,(x))" 
= {i"(qo(x))"*1}", from (2.6). (6.7) 
Thus from (6.7) and (2.7) it follows that B(x) is non-singular for 
0<r<@. 


7. Using the notation of § 5 we have the lemma: 
Lemma 1. Let {¢,,¢o,...,¢,} be any system of n functions all with n—1 


+ An asterisk denotes the transposed conjugate of a matrix. 
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differential coefficients. Then the following matrix identity holdst 
(I$, ¢.}(x)]” = O(2)* B(x) (2) (7.1) 
and det [[#,4.l(2)] = aol)" Wi dard ud(@0I (7-2) 


both for 0 <x < a. 


Proof. The first result (7.1) follows from matrix multiplication and 
the representation (6.3) of [¢,¢,|(z). The identity (7.2) follows on taking 
determinants of (7.1) and using the result (6.7). 

It is of some interest to note that the identity (7.2) can be made to 
give a proof of the fundamental Kodaira—Weyl] identity given in (4) 
504. It seems to indicate that (7.2) is the required generalization of 
this identity for the operators of this note. 


8. Information about the signature of the matrix —i B(x) is required. 

Lemma 2. Let B(x) be the non-singular matrix associated with the 
operator L,, (see § 6). Then the following results hold for all x > 0. 

(i) if n is even, n = 2v (v > 1), the signature of the hermitian matrix 
—tB(x) is zero; 

(ii) if n is odd, n = 2v—1 (v > 1), the signature of —i B(x) is +1. 

Proof. This follows from a result in (5) [393 Exercise 33] to the effect 


that, if the non-singular hermitian form f(zx,, 9,...,z,,) of order n vanishes 


for 
Vest = Tes2 =... = a = 0, 


where 2k < n, whilst the other variables z,, z2,..., x, are arbitrary, then 
the signature ¢ (say) of f satisfies the inequality 

it} <n—2k. (8.1) 
If n is even, then the properties (6.4) of the elements of B(x) imply the 
above condition, with k = v, of the hermitian form with matrix —iB(z). 
Thus (i) follows at once from (8.1). 

If n is odd, then the properties (6.4) imply that (8.1) holds for the 
matrix —i B(x) with k = v—1: that is, for this matrix, |t} = 1. Now 
from (6.7) it follows, since n = 2v—1, that the sign of det{—iB(z)} is 
(—1)’-!, and this implies that ¢ = +1. 

Note. In the case when n is odd, the signature of —i B(x) is dependent 
on the sign-convention (2.7); if this convention is changed to a negative 
one, then the signature of —i.B(x) becomes —1. 


+ A superscript 7’ denotes the transpose of a matrix. 
t It is convenient, for later use, to consider the matrix —iB instead of iB. 
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Lema 3. Let {¢,(x,A)} (1 <8 <n) be a system of solutions of the 

differential equation L,,y = dy such that 
[W (by, bar--+s bn )(®A)]e-0 F 9; (8.2) 

then the signature of the matrix —i|[¢,4,](x,A)] ts identical with that of 
the associated matrix —i B(x), for all x > 0. 

The hypothesis (8.2) implies thatt 

W (4, $e,---5O,)(@,A) FO (0 <4 < ~), 

so that from the identity (7.1) and the equivalence theorem for hermi- 
tian forms [see (5) § 12.6] the required result follows. 


9. The following lemma on the representation of skew-hermitian 
matrices is required: 

Lemma 4. Let J be an arbitrary non-singular skew-hermitian matrix 
of order n; then there exists a fundamental system} of solutions, say 
{d,(z,A)} (1 <8 <n) of the patti equation L,, y = Ay such that the 
representation = [[¢,¢,](0, A)] (9.1) 
holds for all X, if and only s the hermitian matrices —iJ and —iB(0) 
have the same signature. 

Proof. If —iJ and —iB(0) have the same signature, then, since both 
are non-singular, there is a non-singular matrix P = [«,,| (say) such 
that [see (5) § 12.6] 

—iJ? = P*{—iB(0)}P. (9.2) 
Now define the system {¢,(x,A)}, solutions of L, y = Ay, by 
[oy (x, A)], 0 = %Qe (ls r,8 S n). (9.3) 
From this, (9.2) and the identity (7.1) for z = 0 we obtain 
—iJT = @(0,A)*{—iB(0)}O(0, A) = —i[[d,¢,](0, A)]’, 
and the required result now follows. 

Since P is non-singular, the system {¢,(z,A)} is fundamental. The 
initial conditions (9.3) are independent of A, so that (9.1) holds for 
all A. 

Finally, if (9.1) holds, then it is clear that —iJ and —iB(0) have 
the same signature. 

10. The following lemma on hermitian matrices is required: 

Lemma 5. Let A and B be hermitian matrices of order n with 


Ay <A, <<... SA,T and yy SS. QM 


+ See (3) 83. 
¢t There should be no confusion between the parameter A and the characteristic 
roots A,; the latter always occur with a subscript. 
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as their respective characteristic roots. Let the matrix C be defined as 
C=A+B (10.1) 
with characteristic roots py < py S... < py (say). Then 
A+ <M, (1<r<n). (10.2) 
Proof. From the definition (10.1) we have, if J is the unit matrix, 
C—v,I = A+B-—»,], 
where B—yv, I is clearly positive semi-definite. Thus, from a theorem 
given by Courant and Hilbert [see (7) 107], the characteristic roots of 
C—yv,I dominate those of A, i.e. 


a ad | Z , (1 <re n). 
11. In this section, for convenience, results concerned with the theory 


of Gram matrices are stated [see (6)]. 
Let the system of functions {4} = {4,, d,,...,%,} satisfy the conditions 


(i) {4} is linearly independent over [0, X] for all X >0; (11.1) 
(ii) ¢€L{0,X] (l<r<n) forall X>0. (11.2) 
The Gram matrix of {¢} over [0, X] is well-defined, from (11.2) above, as 


x 
ri: X)=| f dae] A <re <n, (11.3) 
0 


It is clear that T is hermitian, whilst from (11.1) it follows that T is 
positive definite [see (6) § 2]. 
Let the characteristic roots of '(¢; X) be A,(X) (1 <r <n) ordered 
- 0< A(X) SA4(X) (lL <r<ga—)); 
then it is known [see (6) § 8, (7) 107] that, for X’ > X, 
0< A(X) <A(X’) (L<or<n). 
This monotonic property of the A(X) in X permits the following 
definition of the integer s [see also (6) § 8]; 
: <@ (r <8), 
Fmd MX), =o (r>8). 
Clearly 0 <8 <n. This leads to the lemma: 
Lemma 6. Let the system {4} satisfy the conditions (11.1) and (11.2) 
above. Then the maximum number of linearly independent linear forms, 
i.e. finite sums, 
2. a,¢(x) (a, constants, not all zero) 
of the system {4} which belong to L*{0, 00) is 8, defined in (11.4) above. 
The proof of this result will be found in (6) §§ 9-11. 


(11.4) 
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Coro.Luary. If the system {¢} is a fundamental system of solutions of 
the differential equation L,, y = Ay, then 
S(A) = 8. (11.5) 
It is clear that conditions (11.1) and (11.2) are satisfied for such a 
system {¢}, so that (11.5) follows from the definitions of s and S(A), the 
latter given in § 3. 


12. In this section the proof of the theorem in § 3 will be given for 
the even-order case, i.e. n = 2v (v > 1). 
Let A be fixed with v=imdA> 0. (12.1) 
The symbol J, will denote the unit matrix of order v. Let J denote 
the skew-hermitian matrix 
ver i ey 
~ [oO —hy’ 
it is clear that the signature of —iJ is zero. From Lemma 2 the 
signature of —7B(0) is also zero, so that by Lemma 4 
J = [[¢,4,](0,A)] (12.3) 
for a fundamental system of solutions, say {¢,(z,A)} (l <s <n), of 
the differential equation L,y = Ay. This system {¢} is now fixed for 


the rest of this section. 
From Lemma 3 the signature of the non-singular hermitian matrix 
—i[¢,¢,])(X,A)] is zero for all X > 0; let the characteristic roots of 


this matrix be p(X) < p(X) <... <p,(X), (12.4) 
so that, for X > 0, 


u(X)<0 (l<r<py), w(X)>O0 (+l<r<n). 
(12.5) 


From the Green’s formula (6.1) we have, for all X > 0, 
x 


x 
[?, $,|(X,A)—[¢, $,|(0, A) = | {$, L,, $,—$y Lbs} dx = 2iv f ?, $, dx, 


0 
which gives the matrix identity, in the notation of § 11 and (12.3), 
D(p; X)+(2v)-{—iJ} = (20) {—a[[P, b6](X, A) ]}- 
To this we can apply Lemma 5 with A = [ and B = 3v-{—iJ}; it is 
clear that in the notation of this Lemma and by (12.1) we have 
y, = —Fe. 
In the notations of § 11 and (12.4) above this lemma now gives 


AB ine 


2v 


< Hl) 1 <r <n) 
2v 
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and so, from (12.5), 


A(X) <4fuo? (l<r<v; X>0). 


xX 
Thus Jim A(X) <0 (l<r<p) 


so that, for the definition (11.4),t 
82>. 
Finally, by the corollary to Lemma 6 in § 11, 
S(A) >», (3.1) 
and this proves the theorem in this case. 

The proof remains virtually unchanged if (12.1) is replaced by 
v=imA<0. The signature of 4v-{—1[[¢,¢,](X,A)]} is still zero, 
but y, is now equal to 4v-!. Thus in this case 

A(X) << —ywo? (lor<v;X>0), 
and the required result again follows. 


13. In this section the odd-order case of the theorem is discussed, 
i.e. n = Wv—1(v > 1). 
Let A be fixed with v=imA> 90. (13.1) 
Let J denote the non-singular skew-hermitian matrix 
ee ee 
so that the signature of —iJ is +1. Again, from Lemmas 2 and 4, 


J = [[¢,$,](0,)] 
for a fundamental system {¢,} of L,, y = Ay. 
Since, in this case, from Lemma 3, the signature of —i[[¢,¢,](X,A)] 
is now +1, we have, in place of (12.5), 
u(X)<0 (l<r<v~}), u(X)>0 w<r<n). 
The argument now proceeds, as in the previous section, to give 
A(X) <jot (1 <r <v—1;X >0), (13.2) 
which yields the required inequality 
S(A) > v—1 (3.2) 


for the case v > 0. 
If now v = imA < 0, we use the same matrix J and fundamental 


system {¢,} above. However, it is clear that the signature of the matrix 


+ Some of the remaining A,(X), i.e. for r > v, may also be bounded for X > 0. 
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4v-!{—i[[4,¢,](X,A)]} is now —1 instead of +1, so that, in the applica- 
tion of Lemma 5, (13.2) above is replaced by 


A(X) < — 5 (l<r<v;X>0), 


and this gives the required inequality 
S(A) >v (3.2) 
for the case v < 0. 

If the sign-convention (2.7) is reversed, then, as pointed out in § 8, 
the signature of —i B(x) is then —1 when n is odd. Such a reversal of 
sign clearly interchanges the above inequalities for S(A) when v > 0 
and v < 0. 


14. To complete the proof of the theorem it remains to show, by 
means of a suitable example, that the above inequalities for S(A) are 
best-possible. 

The example considered is the generalized Fourier equation 


Ly = ity” = dy (14.1) 
obtained from the general case (2.5) by putting, for z > 0, 
Q(t7)=1, g(x) =O (Lar<n). 
This satisfies the sign-convention (2.7). 
Solutions of this equation can be obtained explicitly. Let 
= pelt (—17 << $< 7), 
then n independent solutions of (14.1) are 


t+ lel (l<xr<gn). 


Y, = $,(x) _ exp| —ip “exp(i( 


From this it follows that 
\d,(x)| = exp| zp! n sin(® + =) : (14.2) 


n 
Consider the case of even values of n (= 2v) and let v = imA > 0, 
ie. p > 0 and 0<¢< 7. It then follows from the distribution of the 
values of (¢+2rm)/n that the sine of this angle is strictly positive for 
v values of r and strictly negative for the other v values of r, in the 
range 1 <r <n = 2v. In view of the explicit form (14.2) of |¢,| it 
now follows that S(A) = v for (14.1) in this case. If v < 0, ie. p > 0 
and —z < ¢< 0, the argument can be repeated to show that S(A) 
again takes the value v. 
When n is odd (n = 2v—1), similar reasoning shows that S(A) again 
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attains the lower bounds. In this case the change in sign of ¢ intro- 
duces the different values of S(A) for v > 0 and v < 0. 

Finally, this example (14.1) shows that, in general, no result, similar 
to that of the Theorem in § 3 can hold when A takes real values. For 
A = 0 the equation (14.1) has for m independent solutions the system 
{2"; 0 <r <n—}l}, and from this it is clear that S(0) = 0. 


[An abstract of this paper was read at the International Congress of 
Mathematicians, Edinburgh, 1958.] 
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1. Introduction 
LET a sequence of functions wy (x) satisfy Rodrigues’ formula 


fr(x) = - — Du{(ax-+b)"F(x)}, (1) 


where a and 6 are constants, not both zero, F(x) is independent of n 
and differentiable an arbitrary number of times. Then it will be shown 
that, if a generating function 


> antfale) 


is known for either 


—N, AX, a Cans 
a 7 » Ay, Aareery Ans 
ay, ral p+ite o| 


By, Bes» Bg; 
(2&4) n(%e)n «(Opn 
” am = Bi n(Badn (Ben m 
it is automatically known for the other. Also a further result will be 
shown connecting a generating function of the set f,, with one of the 
set f.,,. 

The special Jacobi polynomials P*-™(x) are essentially [(1) 81 (8)] 
associated Legendre polynomials. It will be shown that these satisfy 
a modified form of equation (1) and that the results of the theorem 
represented by (2), (3), (4) are applicable. 

Use will be made of the result given by Chaundy [(2) 62 (i)] 





1 , 1, gy. +9 Oy; TN, Oy, Ogyeoey Xp; 


It) tph| , == i", r|~ ra] 
OO pale pe pa Tai] ee a Be pe 

(5) 
and the parallel result [(3) 947 (24)] 
r|* p By Ging Riggeee 1 ys xt? 
7 Bi, By... »Me: (1—t)? 


~ Seva gid 


(1— ea 


Quart. J. Math. Oxford (2) 10 (1959) 156-60. 
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2. Generating-function equivalence 
By (1), the f,,(z) may be represented by 


l (az+b)" F(z) dz (7) 


Sn (x) = Qn (z—zx)"41 ’ 
C 





where C is a simple closed contour about z = x. In what follows it 
will be necessary to interchange summation and integration in several 
places. Where the series involved converge, they converge uniformly, 
and the interchange is justified. The series need not converge however, 
and in such cases a divergent generating function is formally obtained. 


Then 
N, My, & 
t a ss 9S] “gore D>» o| 
> Snle ")p , F[- Bis Bos ‘B,: 


St gg Be [2 Ste Sarees ips a (az+)"F(z) dz 
| By, Bas--+» Bg; v 2 | (z—ax)"+1 


F(z) 2 newt" ne : ] 
ah yy P’ vldz 
7 2, oe, St eR 





: 
27 


l 
2m 


12 
le Ht —") 


1, 0%4,...,%,; —vt(az+b) 
Xpah| Byy-++) Bg ane] 


pre (a4)p +--(Xp)p (—vt)” 1 (az+b)" F(z) dz 
p 2 i ABa)n aus | {z—x—t(az+6)}"+1 


1p __arrna To ade ---(ety), / —08 \* 
owes + 2, Gey =a ‘ 
1 (az+b)" F(z) dz 
* om | —(@+0)/(l—ah 
Cc 


— (na Salma) HE} 


It should be noted in the penultimate line above that the pole at 
z = (x+-6t)/(1—at) can always be placed inside C by taking ¢ small 
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enough and the result extended by continuation on ¢. Thus we have 
obtained the result 


2 4» [—, O4)0025 Xy; 
2 Y(2)yo1F,] 8 B = 7 
Jo°**> fg? 


n=0 
— - < (cy) p «--(m ( —vwt J (= 
= (1—at)- ph ot, 
{ ” 2, (By) n -+(Ba)n 1—at In 1—at , , 


and, if a generating function is known for either side of (9), it is known 





for the other. 
The parallel result 


» fl2)poaF|*” 4—4n, aa 9 
1 
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= (1—at)-? Yo L2/nh%/n alte Oe A aa 
Pa (Bi)n roolBede (1—at)?} Is —at 
can be obtained by following exactly the same procedure as in (8) above 
but by using (6) instead of (5) in the fourth line of the development. 


It should now be noted that 


FS, (x) = LO (x)e-*x* = = Dr{a"(e-*x")}, (10) 


—1)"H,(xje"* 1 : 
f,(%) = te i = ~jlee ; (11) 


6b; = 





.» _ (6),(—1)*(—z)-* eS 
3-1 


{x)= 
ful) n!(1—a)!-" 
1 
ii 7 Dr(1 x)"(—x)-4(1—a)?-}}, 


for the Laguerre, Hermite, and hypergeometric functions. Results of 
the above nature on (10), (11), (12) have been obtained in (4) and (5). 


Equations (9) and (9a) thus contain these as special cases. 


3. A type of Rodrigues’ formula for P‘*~~(y) 
In (1) [82 (12)] it is shown that, if 
p = (1—2zt+12)t, 
then 
{l+t+p ” —m—1 P(a,—a)f/»__ 4)/,) — nS S —])"(— n—m P(a,—a) 
tere PS ((2—t)/p} = — > (—1)"(—2) at? Pa). 
n=0 (13) 
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The right-hand side can further be written as 


1 S (x, —a) iF cas 1 m) n— 1+t+p\* 
aiDt >. Pema = Delp (| (14) 


n=0 
by a standard generating function for Jacobi polynomials [(6) 68 (4.45)]. 
Combine (13) and (14), put z = 0, and replace ¢ by y to obtain 


faly) = Gy) PE —yl+y)} = DyHy), (15) 


_ fl+y+J(l+y’)\* 
Ho) = (ae) Note 


Gy) = H(y)(1+y*)-™. (16) 
This satisfies the requirements of (1) with a = 0, b = 1, and F(y) = A(y). 
Thus by (9) and (9a) we have 
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(18) 
4. Some special cases 

The right-hand side of (17) is given by known generating functions 
of the general Jacobi polynomial in several special cases, and thus for 

these cases the left-hand side is known as well. Write 


P as serene, deat 19 
vil+(y+t?} vil+(y+#)?} ” 
Then, by (7), 
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The relation (8) 


of(1+-a; $t(x (x—1)))F,(1—a; $t( x+1)) 


os >i Pe ie (2 


1 (1+a),(1— a)» 


yields 
H(y+t)oF,(i+a; $7(X—1)))F(1—a; $7(X+1)) 


— n P(a,—a)f__ f 2 ees . 9 
= Saere--(—-yN+e A] 2] 28) 


The result (3) 


»{@,1—a;,,, , ,|a, l—a; i 
A? a ato) n[” | 2 04+] 


— -> _(@),L—4), | Pi. *—2)( ar) t” (24) 
(1+<a),(1—a), 


gives nothing new since the corresponding result was given in (1). 

The use of only the even powers of ¢ on the right-hand sides of (20), 
(22), (24) yields cases which can be applied to the right-hand side of 
(18), but none seem to be simple enough to make their inclusion here 
justified. 
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The relation (8) 
P ‘ 20 Pane t” 
oF,(1-+a; #t(x—1)),F\(1—a; 4t(z@+1)) = (2) 


~ a (1 T a),(1— Xn 


yields 
H(y+t))F\(1+a; $7(X—1)))F(1—a; 47(X+1)) 
S Here "{—a+y Ale] 
n=0 l+a,l—a; 
The result (3) 


a, 1—a; ,|a, l—a; 
of 1 ‘ (1 -t—p) ||" ° 1+t—p)| 


+X: ] =O. 
_ \ (a),(1 —Q),, _ Pla-») ” 24 
& (14 x),(1 X)n ' -" ' 


gives nothing new since the corresponding result was given in (1). 
The use of only the even powers of ¢ on the right-hand sides of (20), 
22), (24) yields cases which can be applied to the right-hand side of 


(18), but none seem to be simple enough to make their inclusion here 
justified. 
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